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Agenda

➡ Motivation 

➡ Linear Regression Models


๏ Estimation


๏ Evaluation


➡ Tutorial (1) — you will be provided with further exercise 
later on.
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Note: if you see many equations and 
dislike them, you’re absolutely OK 
(these are just an extra).


I’ll show you what we need to 
minimally understand by the end of 
this lecture! 



Regression Models

Simple
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Motivation

‣ Analyse the specific relationships between the 
independent variables and the dependent one.


‣ Predict the value of a dependent variable (Yi) from 
the value of independent variable (X1i, X2i, …, Xni)
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Motivation

‣ Predict the value of a dependent variable (Yi) from 
the value of independent variable (X1i, X2i, …, Xni)


‣ Analyse the specific relationships between the 
independent variables and the dependent one

simple LR

Multiple LR
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Relationship between 2 
variables

House size

House 

Price

Most lots sell 

for £25,000

Building a house costs about  £75 per square foot. 

House cost = 25000 + 75(Size)
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(x)

(Y) Extrapolation 
vs 

Interpolation

!



General Model
• β1 > 0  ⇒ Positive Association


• β1 < 0  ⇒ Negative Association


• β1 = 0  ⇒ No Association

•  β0 ≡ Mean response when x=0 (y-intercept)
•  β1 ≡ Change in mean response when x increases by 1 unit (slope)

•  β0, β1  are unknown parameters (like µ)


•  β0+β1x  ≡ Mean response when independent variable takes on the value x

y = β0 + β1 x1 + ε
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Simplified (simple LR)

y = β0 + β1 x1 + ε

‣ y  = dependent variable
‣ x  = independent variable 
‣ β0 = y-intercept
‣ β1 = slope
‣ ε   = error variable β0

Run

Rise

β1 = Rise/Run

β0 and β1 are unknown population parameters, 
therefore are estimated from the data.

x

Y
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Deterministic and 
Probabilistic relationship

House price = 25000 + 75 (Size)
Most lots sell 

for £25,000
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House size (x)



Deterministic and 
Probabilistic relationship

House price = 25000 + 75 (Size) + ε
Most lots sell 

for £25,000

Probabilistic component
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Deterministic and 
Probabilistic relationship

House price = 25000 + 75 (Size) + ε
Most lots sell 

for £25,000
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House 

Price

(Y)

House size (x)

yi = �0 + �1xi + ✏
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✏ ⇠ N(0,�2)
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Note that the intercept β0, the slope β1, and the noise variance σ2 are all treated as fixed 
(i.e., deterministic) but unknown quantities.



Motivation

Linear least squares fitting with X ∈ IR^p. We seek the linear function of X that minimises 
the sum of squared residuals from Y . 

h(x) = �0 +
PX

i=1

Xi�i
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Assumptions
(1) The regression model is linear in parameters (Weak exogeneity)


๏ 


๏ 


(2) Mean of residuals is zero & Homoscedasticity of constant variance


๏ 


(3) Feature vectors and residuals are uncorrelated.


(4) No perfect multicollinearity


๏ Variance Inflation Factor (VIF)

y = �0 + �1x1 + �2x2 + ✏
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y = �0 + �1x1 + �2x
2
1 + ✏

<latexit sha1_base64="eSRnr8VpkKeP2CgN7PFQDCDkeVw=">AAACG3icbVBNS0JBFL3Pvsy+rJZtBiUQAnnPTW0CqU1Lg/wANZk3XnVw3gcz86KH+D/a9FfatCiiVdAiaNFPaZ5KlHZh4Jxz7+HOPW4ouNK2/WGllpZXVtfS65mNza3tnezuXk0FkWRYZYEIZMOlCgX3saq5FtgIJVLPFVh3h+dJv36DUvHAv9JxiG2P9n3e44xqI3WypZickpaLmnZscjRDzm3H+SElQ65LCcVQcZGY8nbRnhRZBM4M5Mu5wucXAFQ62bdWN2CRh75mgirVdOxQt0dUas4EjjOtSGFI2ZD2sWmgTz1U7dHktjE5NEqX9AJpnq/JRP3tGFFPqdhzzaRH9UDN9xLxv14z0r2T9oj7YaTRZ9NFvUgQHZAkKNLlEpkWsQGUSW7+StiASsq0iTNjQnDmT14EtVLRsYvOpUnjDKaVhgPIQQEcOIYyXEAFqsDgDh7gCZ6te+vRerFep6Mpa+bZhz9lvX8DMkWgpg==</latexit><latexit sha1_base64="uPEdOBJvLMdsmRU4QdSz37cl+X8=">AAACG3icbVDLSgMxFM34rPVVdekmtAgFoczMpm6EohuXFewD2nHIpHfa0MyDJCOW0v8QxF9x48IHrgQXoh9jpi2irRcC55x7Dzf3eDFnUpnmh7GwuLS8sppZy65vbG5t53Z26zJKBIUajXgkmh6RwFkINcUUh2YsgAQeh4bXP037jSsQkkXhhRrE4ASkGzKfUaK05ObsAT7GbQ8UcU18OEXWtWv9EFuTSzulEEvGU1PBLJnjwvPAmoJCJV/8+iw/31bd3Fu7E9EkgFBRTqRsWWasnCERilEOo2w7kRAT2iddaGkYkgCkMxzfNsIHWulgPxL6hQqP1d+OIQmkHASengyI6snZXir+12slyj9yhiyMEwUhnSzyE45VhNOgcIcJoIoPNCBUMP1XTHtEEKp0nFkdgjV78jyo2yXLLFnnOo0TNKkM2kd5VEQWKqMKOkNVVEMU3aB79IiejDvjwXgxXiejC8bUs4f+lPH+DVBZojw=</latexit><latexit sha1_base64="uPEdOBJvLMdsmRU4QdSz37cl+X8=">AAACG3icbVDLSgMxFM34rPVVdekmtAgFoczMpm6EohuXFewD2nHIpHfa0MyDJCOW0v8QxF9x48IHrgQXoh9jpi2irRcC55x7Dzf3eDFnUpnmh7GwuLS8sppZy65vbG5t53Z26zJKBIUajXgkmh6RwFkINcUUh2YsgAQeh4bXP037jSsQkkXhhRrE4ASkGzKfUaK05ObsAT7GbQ8UcU18OEXWtWv9EFuTSzulEEvGU1PBLJnjwvPAmoJCJV/8+iw/31bd3Fu7E9EkgFBRTqRsWWasnCERilEOo2w7kRAT2iddaGkYkgCkMxzfNsIHWulgPxL6hQqP1d+OIQmkHASengyI6snZXir+12slyj9yhiyMEwUhnSzyE45VhNOgcIcJoIoPNCBUMP1XTHtEEKp0nFkdgjV78jyo2yXLLFnnOo0TNKkM2kd5VEQWKqMKOkNVVEMU3aB79IiejDvjwXgxXiejC8bUs4f+lPH+DVBZojw=</latexit><latexit sha1_base64="lDaTsI3CWubf6yGrGLZ6UMpRoRM=">AAACG3icbVDLSsNAFJ3UV62vqks3g0UQhJJkoxuh6MZlBfuANobJ9KYdOnkwMxFD6H+48VfcuFDEleDCv3HSBtHWCwPnnHsPd+7xYs6kMs0vo7S0vLK6Vl6vbGxube9Ud/faMkoEhRaNeCS6HpHAWQgtxRSHbiyABB6Hjje+zPudOxCSReGNSmNwAjIMmc8oUVpyq3aKz3HfA0VcE58UyLp3rR9ia3Jr5xRiyXhuqpl1c1p4EVgFqKGimm71oz+IaBJAqCgnUvYsM1ZORoRilMOk0k8kxISOyRB6GoYkAOlk09sm+EgrA+xHQr9Q4an625GRQMo08PRkQNRIzvdy8b9eL1H+mZOxME4UhHS2yE84VhHOg8IDJoAqnmpAqGD6r5iOiCBU6TgrOgRr/uRF0Lbrllm3rs1a46KIo4wO0CE6RhY6RQ10hZqohSh6QE/oBb0aj8az8Wa8z0ZLRuHZR3/K+PwGIXaeYA==</latexit>

✏ ⇠ N(0,�2)
<latexit sha1_base64="ZA7HMeWyfmndzw4DsBXMEUmbJl4=">AAACBHicbZC7SgNBFIbPxluMt1XLNEOCEFHCbhotgzZWEsFcIBvD7GSSDJmZXWZmhRBS2PgcdjYWitj6EHa+jZNLoYk/DHz85xzOnD+MOdPG876d1Mrq2vpGejOztb2zu+fuH9R0lChCqyTikWqEWFPOJK0aZjhtxIpiEXJaDweXk3r9nirNInlrhjFtCdyTrMsINtZqu9mAxprxSKJAM4GuC96phZ7Ad6Xjtpv3it5UaBn8OeTLueDkCQAqbfcr6EQkEVQawrHWTd+LTWuElWGE03EmSDSNMRngHm1alFhQ3RpNjxijI+t0UDdS9kmDpu7viREWWg9FaDsFNn29WJuY/9Waiemet0ZMxomhkswWdROOTIQmiaAOU5QYPrSAiWL2r4j0scLE2NwyNgR/8eRlqJWKvlf0b2waFzBTGrKQgwL4cAZluIIKVIHAAzzDK7w5j86L8+58zFpTznzmEP7I+fwB7eeYcQ==</latexit><latexit sha1_base64="SwFoeppKrCtDjlGzIKLtwzOfo0I=">AAACBHicbZDLSgMxFIYz9VbrbdRlN6FFqChlphtdFt24kgr2Ap2xZNJMG5pkhiQjDEMXbnwC38GNC0Xc+hDu+jamrQtt/SHw8Z9zODl/EDOqtONMrNzK6tr6Rn6zsLW9s7tn7x+0VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g5Gl9N6+55IRSNxq9OY+BwNBA0pRtpYPbvokVhRFgnoKcrhdcU5NTDg6K523LPLTtWZCS6D+wPlesk7eZrU00bP/vL6EU44ERozpFTXdWLtZ0hqihkZF7xEkRjhERqQrkGBOFF+NjtiDI+M04dhJM0TGs7c3xMZ4kqlPDCdHOmhWqxNzf9q3USH535GRZxoIvB8UZgwqCM4TQT2qSRYs9QAwpKav0I8RBJhbXIrmBDcxZOXoVWruk7VvTFpXIC58qAISqACXHAG6uAKNEATYPAAnsEreLMerRfr3fqYt+asn5lD8EfW5zf3UZn3</latexit><latexit sha1_base64="SwFoeppKrCtDjlGzIKLtwzOfo0I=">AAACBHicbZDLSgMxFIYz9VbrbdRlN6FFqChlphtdFt24kgr2Ap2xZNJMG5pkhiQjDEMXbnwC38GNC0Xc+hDu+jamrQtt/SHw8Z9zODl/EDOqtONMrNzK6tr6Rn6zsLW9s7tn7x+0VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g5Gl9N6+55IRSNxq9OY+BwNBA0pRtpYPbvokVhRFgnoKcrhdcU5NTDg6K523LPLTtWZCS6D+wPlesk7eZrU00bP/vL6EU44ERozpFTXdWLtZ0hqihkZF7xEkRjhERqQrkGBOFF+NjtiDI+M04dhJM0TGs7c3xMZ4kqlPDCdHOmhWqxNzf9q3USH535GRZxoIvB8UZgwqCM4TQT2qSRYs9QAwpKav0I8RBJhbXIrmBDcxZOXoVWruk7VvTFpXIC58qAISqACXHAG6uAKNEATYPAAnsEreLMerRfr3fqYt+asn5lD8EfW5zf3UZn3</latexit><latexit sha1_base64="UGR0VJZCJIj1/STVze5m4Kra+hA=">AAACBHicbZC7SgNBFIZnvcZ4W7VMMxiECBJ202gZtLGSCOYC2TXMTmaTIXNZZmaFsKSw8VVsLBSx9SHsfBsnyRaa+MPAx3/O4cz5o4RRbTzv21lZXVvf2CxsFbd3dvf23YPDlpapwqSJJZOqEyFNGBWkaahhpJMognjESDsaXU3r7QeiNJXizowTEnI0EDSmGBlr9dxSQBJNmRQw0JTDm4p3ZmHA0X3ttOeWvao3E1wGP4cyyNXouV9BX+KUE2EwQ1p3fS8xYYaUoZiRSTFINUkQHqEB6VoUiBMdZrMjJvDEOn0YS2WfMHDm/p7IENd6zCPbyZEZ6sXa1Pyv1k1NfBFmVCSpIQLPF8Upg0bCaSKwTxXBho0tIKyo/SvEQ6QQNja3og3BXzx5GVq1qu9V/VuvXL/M4yiAEjgGFeCDc1AH16ABmgCDR/AMXsGb8+S8OO/Ox7x1xclnjsAfOZ8/22iW6A==</latexit>

V IF i =
1

(1�Ri
2)

<latexit sha1_base64="6egyDPWuoJHSZqb/7SvST0SveSE="></latexit><latexit sha1_base64="/8VxZpiHp3whDc29y1GbU5RNhyk="></latexit><latexit sha1_base64="/8VxZpiHp3whDc29y1GbU5RNhyk="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="gXehTOjlEXFPABZweaHpFnlvm5w=">AAACDHicbZBLS8NAFIVv6qvWV3TrZrAIujAkbnQjCILoTsW2QhPDZDppBycPZm6EEvIv3PhX3LhQxLU7/43T2oVaDwx8nHOHmXuiXAqNrvtp1WZm5+YX6ouNpeWV1TV7fbmts0Ix3mKZzNRNRDWXIuUtFCj5Ta44TSLJO9HdySjv3HOlRZZe4zDnQUL7qYgFo2is0Hba56dlKCpyREqP+JmZJb7kMe4Qb+8qLEVV3u5XxFeiP8DdKrSbruOORabBm0ATJroI7Q+/l7Ei4SkySbXuem6OQUkVCiZ51fALzXPK7mifdw2mNOE6KMd7VWTbOD0SZ8qcFMnY/XmjpInWwyQykwnFgf6bjcz/sm6B8WFQijQvkKfs+6G4kAQzMiqJ9ITiDOXQAGVKmL8SNqCKMjRVNkwJ3t+Vp6G973iu4126UIdN2IId8OAAjuEMLqAFDB7gCV7g1Xq0nq2377pq1qS3Dfgl6/0LgJicog==</latexit><latexit sha1_base64="gXehTOjlEXFPABZweaHpFnlvm5w=">AAACDHicbZBLS8NAFIVv6qvWV3TrZrAIujAkbnQjCILoTsW2QhPDZDppBycPZm6EEvIv3PhX3LhQxLU7/43T2oVaDwx8nHOHmXuiXAqNrvtp1WZm5+YX6ouNpeWV1TV7fbmts0Ix3mKZzNRNRDWXIuUtFCj5Ta44TSLJO9HdySjv3HOlRZZe4zDnQUL7qYgFo2is0Hba56dlKCpyREqP+JmZJb7kMe4Qb+8qLEVV3u5XxFeiP8DdKrSbruOORabBm0ATJroI7Q+/l7Ei4SkySbXuem6OQUkVCiZ51fALzXPK7mifdw2mNOE6KMd7VWTbOD0SZ8qcFMnY/XmjpInWwyQykwnFgf6bjcz/sm6B8WFQijQvkKfs+6G4kAQzMiqJ9ITiDOXQAGVKmL8SNqCKMjRVNkwJ3t+Vp6G973iu4126UIdN2IId8OAAjuEMLqAFDB7gCV7g1Xq0nq2377pq1qS3Dfgl6/0LgJicog==</latexit><latexit sha1_base64="s47xgTO+UjrBM2p0heEHyG6vbag=">AAACF3icbVDLSsNAFJ34rPUVdelmsAh1YUm60Y1QFER3VewDmhgm00k7dPJg5kYoIX/hxl9x40IRt7rzb5w+Ftp6YOBwzrncucdPBFdgWd/GwuLS8spqYa24vrG5tW3u7DZVnErKGjQWsWz7RDHBI9YADoK1E8lI6AvW8gcXI7/1wKTicXQHw4S5IelFPOCUgJY8s9K8vsw8nuMznNnYiXUWO4IFUMb28a2X8Ty7r+bYkbzXh6PcM0tWxRoDzxN7SkpoirpnfjndmKYhi4AKolTHthJwMyKBU8HyopMqlhA6ID3W0TQiIVNuNr4rx4da6eIglvpFgMfq74mMhEoNQ18nQwJ9NeuNxP+8TgrBqZvxKEmBRXSyKEgFhhiPSsJdLhkFMdSEUMn1XzHtE0ko6CqLugR79uR50qxWbKti31il2vm0jgLaRweojGx0gmroCtVRA1H0iJ7RK3oznowX4934mEQXjOnMHvoD4/MHSFOeIA==</latexit><latexit sha1_base64="s47xgTO+UjrBM2p0heEHyG6vbag=">AAACF3icbVDLSsNAFJ34rPUVdelmsAh1YUm60Y1QFER3VewDmhgm00k7dPJg5kYoIX/hxl9x40IRt7rzb5w+Ftp6YOBwzrncucdPBFdgWd/GwuLS8spqYa24vrG5tW3u7DZVnErKGjQWsWz7RDHBI9YADoK1E8lI6AvW8gcXI7/1wKTicXQHw4S5IelFPOCUgJY8s9K8vsw8nuMznNnYiXUWO4IFUMb28a2X8Ty7r+bYkbzXh6PcM0tWxRoDzxN7SkpoirpnfjndmKYhi4AKolTHthJwMyKBU8HyopMqlhA6ID3W0TQiIVNuNr4rx4da6eIglvpFgMfq74mMhEoNQ18nQwJ9NeuNxP+8TgrBqZvxKEmBRXSyKEgFhhiPSsJdLhkFMdSEUMn1XzHtE0ko6CqLugR79uR50qxWbKti31il2vm0jgLaRweojGx0gmroCtVRA1H0iJ7RK3oznowX4934mEQXjOnMHvoD4/MHSFOeIA==</latexit><latexit sha1_base64="/8VxZpiHp3whDc29y1GbU5RNhyk="></latexit><latexit sha1_base64="/8VxZpiHp3whDc29y1GbU5RNhyk="></latexit><latexit sha1_base64="/8VxZpiHp3whDc29y1GbU5RNhyk="></latexit><latexit sha1_base64="/8VxZpiHp3whDc29y1GbU5RNhyk="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="gXehTOjlEXFPABZweaHpFnlvm5w=">AAACDHicbZBLS8NAFIVv6qvWV3TrZrAIujAkbnQjCILoTsW2QhPDZDppBycPZm6EEvIv3PhX3LhQxLU7/43T2oVaDwx8nHOHmXuiXAqNrvtp1WZm5+YX6ouNpeWV1TV7fbmts0Ix3mKZzNRNRDWXIuUtFCj5Ta44TSLJO9HdySjv3HOlRZZe4zDnQUL7qYgFo2is0Hba56dlKCpyREqP+JmZJb7kMe4Qb+8qLEVV3u5XxFeiP8DdKrSbruOORabBm0ATJroI7Q+/l7Ei4SkySbXuem6OQUkVCiZ51fALzXPK7mifdw2mNOE6KMd7VWTbOD0SZ8qcFMnY/XmjpInWwyQykwnFgf6bjcz/sm6B8WFQijQvkKfs+6G4kAQzMiqJ9ITiDOXQAGVKmL8SNqCKMjRVNkwJ3t+Vp6G973iu4126UIdN2IId8OAAjuEMLqAFDB7gCV7g1Xq0nq2377pq1qS3Dfgl6/0LgJicog==</latexit><latexit sha1_base64="gXehTOjlEXFPABZweaHpFnlvm5w=">AAACDHicbZBLS8NAFIVv6qvWV3TrZrAIujAkbnQjCILoTsW2QhPDZDppBycPZm6EEvIv3PhX3LhQxLU7/43T2oVaDwx8nHOHmXuiXAqNrvtp1WZm5+YX6ouNpeWV1TV7fbmts0Ix3mKZzNRNRDWXIuUtFCj5Ta44TSLJO9HdySjv3HOlRZZe4zDnQUL7qYgFo2is0Hba56dlKCpyREqP+JmZJb7kMe4Qb+8qLEVV3u5XxFeiP8DdKrSbruOORabBm0ATJroI7Q+/l7Ei4SkySbXuem6OQUkVCiZ51fALzXPK7mifdw2mNOE6KMd7VWTbOD0SZ8qcFMnY/XmjpInWwyQykwnFgf6bjcz/sm6B8WFQijQvkKfs+6G4kAQzMiqJ9ITiDOXQAGVKmL8SNqCKMjRVNkwJ3t+Vp6G973iu4126UIdN2IId8OAAjuEMLqAFDB7gCV7g1Xq0nq2377pq1qS3Dfgl6/0LgJicog==</latexit><latexit sha1_base64="s47xgTO+UjrBM2p0heEHyG6vbag=">AAACF3icbVDLSsNAFJ34rPUVdelmsAh1YUm60Y1QFER3VewDmhgm00k7dPJg5kYoIX/hxl9x40IRt7rzb5w+Ftp6YOBwzrncucdPBFdgWd/GwuLS8spqYa24vrG5tW3u7DZVnErKGjQWsWz7RDHBI9YADoK1E8lI6AvW8gcXI7/1wKTicXQHw4S5IelFPOCUgJY8s9K8vsw8nuMznNnYiXUWO4IFUMb28a2X8Ty7r+bYkbzXh6PcM0tWxRoDzxN7SkpoirpnfjndmKYhi4AKolTHthJwMyKBU8HyopMqlhA6ID3W0TQiIVNuNr4rx4da6eIglvpFgMfq74mMhEoNQ18nQwJ9NeuNxP+8TgrBqZvxKEmBRXSyKEgFhhiPSsJdLhkFMdSEUMn1XzHtE0ko6CqLugR79uR50qxWbKti31il2vm0jgLaRweojGx0gmroCtVRA1H0iJ7RK3oznowX4934mEQXjOnMHvoD4/MHSFOeIA==</latexit><latexit sha1_base64="s47xgTO+UjrBM2p0heEHyG6vbag=">AAACF3icbVDLSsNAFJ34rPUVdelmsAh1YUm60Y1QFER3VewDmhgm00k7dPJg5kYoIX/hxl9x40IRt7rzb5w+Ftp6YOBwzrncucdPBFdgWd/GwuLS8spqYa24vrG5tW3u7DZVnErKGjQWsWz7RDHBI9YADoK1E8lI6AvW8gcXI7/1wKTicXQHw4S5IelFPOCUgJY8s9K8vsw8nuMznNnYiXUWO4IFUMb28a2X8Ty7r+bYkbzXh6PcM0tWxRoDzxN7SkpoirpnfjndmKYhi4AKolTHthJwMyKBU8HyopMqlhA6ID3W0TQiIVNuNr4rx4da6eIglvpFgMfq74mMhEoNQ18nQwJ9NeuNxP+8TgrBqZvxKEmBRXSyKEgFhhiPSsJdLhkFMdSEUMn1XzHtE0ko6CqLugR79uR50qxWbKti31il2vm0jgLaRweojGx0gmroCtVRA1H0iJ7RK3oznowX4934mEQXjOnMHvoD4/MHSFOeIA==</latexit><latexit sha1_base64="/8VxZpiHp3whDc29y1GbU5RNhyk="></latexit><latexit sha1_base64="/8VxZpiHp3whDc29y1GbU5RNhyk="></latexit><latexit sha1_base64="/8VxZpiHp3whDc29y1GbU5RNhyk="></latexit><latexit sha1_base64="/8VxZpiHp3whDc29y1GbU5RNhyk="></latexit><latexit sha1_base64="s47xgTO+UjrBM2p0heEHyG6vbag=">AAACF3icbVDLSsNAFJ34rPUVdelmsAh1YUm60Y1QFER3VewDmhgm00k7dPJg5kYoIX/hxl9x40IRt7rzb5w+Ftp6YOBwzrncucdPBFdgWd/GwuLS8spqYa24vrG5tW3u7DZVnErKGjQWsWz7RDHBI9YADoK1E8lI6AvW8gcXI7/1wKTicXQHw4S5IelFPOCUgJY8s9K8vsw8nuMznNnYiXUWO4IFUMb28a2X8Ty7r+bYkbzXh6PcM0tWxRoDzxN7SkpoirpnfjndmKYhi4AKolTHthJwMyKBU8HyopMqlhA6ID3W0TQiIVNuNr4rx4da6eIglvpFgMfq74mMhEoNQ18nQwJ9NeuNxP+8TgrBqZvxKEmBRXSyKEgFhhiPSsJdLhkFMdSEUMn1XzHtE0ko6CqLugR79uR50qxWbKti31il2vm0jgLaRweojGx0gmroCtVRA1H0iJ7RK3oznowX4934mEQXjOnMHvoD4/MHSFOeIA==</latexit>

from statsmodels.stats.outliers_influence import variance_inflation_factor



Agenda

➡ Motivation 

➡ Linear Regression Models


๏ Estimation


๏ Evaluation


➡ Tutorial (1) — you will be provided with further exercise 
later on.
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Which Line (model) then?

β0,  β1

16



1) OLS {ordinary least squares} // 

LSE Least Square Error



1) MLE {Maximum Likelihood Estimate}

P (yi|X = xi;�0,�1,�
2)

<latexit sha1_base64="q+YqUH36Cc0zZ28pYoo3rttZc70=">AAACEnicbZDLSgMxFIbP1Futt6pLN6FFaFHKTDcKIhTduKxgL9DWIZOmbWgyMyQZcRj7DG58AF/CjQtF3Lpy59uYXhZa/SHw8Z9zODm/F3KmtG1/WamFxaXllfRqZm19Y3Mru71TV0EkCa2RgAey6WFFOfNpTTPNaTOUFAuP04Y3PB/XGzdUKhb4VzoOaUfgvs96jGBtLDdbrBZil901T29ddoLaHtXYtQ9n4BhQrC/wdbmI3GzeLtkTob/gzCBfybUPHgGg6mY/292ARIL6mnCsVMuxQ91JsNSMcDrKtCNFQ0yGuE9bBn0sqOokk5NGaN84XdQLpHm+RhP350SChVKx8EynwHqg5mtj879aK9K9407C/DDS1CfTRb2IIx2gcT6oyyQlmscGMJHM/BWRAZaYaJNixoTgzJ/8F+rlkmOXnEuTxhlMlYY9yEEBHDiCClxAFWpA4B6e4AVerQfr2Xqz3qetKWs2swu/ZH18A8yqnRw=</latexit><latexit sha1_base64="VmHDmJkiXp2BSVHGX0S35GeYtr0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAitCgl6UZBhKIblxXsBZoYJtNpO3QmCTMTMcQ+g5u+ihsXirh15a5v4/Sy0NYfBj7+cw5nzu9HjEplWWMjs7K6tr6R3cxtbe/s7pn7Bw0ZxgKTOg5ZKFo+koTRgNQVVYy0IkEQ9xlp+oPrSb35QISkYXCnkoi4HPUC2qUYKW15ZqlWTDz61Lp89OgFdHyikGedzsHWIGmPo/tKCXpmwSpbU8FlsOdQqOadk9G4mtQ889vphDjmJFCYISnbthUpN0VCUczIMOfEkkQID1CPtDUGiBPpptOThvBYOx3YDYV+gYJT9/dEiriUCfd1J0eqLxdrE/O/WjtW3XM3pUEUKxLg2aJuzKAK4SQf2KGCYMUSDQgLqv8KcR8JhJVOMadDsBdPXoZGpWxbZftWp3EFZsqCI5AHRWCDM1AFN6AG6gCDZ/AC3sC7MTJejQ/jc9aaMeYzh+CPjK8f1hSeog==</latexit><latexit sha1_base64="VmHDmJkiXp2BSVHGX0S35GeYtr0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAitCgl6UZBhKIblxXsBZoYJtNpO3QmCTMTMcQ+g5u+ihsXirh15a5v4/Sy0NYfBj7+cw5nzu9HjEplWWMjs7K6tr6R3cxtbe/s7pn7Bw0ZxgKTOg5ZKFo+koTRgNQVVYy0IkEQ9xlp+oPrSb35QISkYXCnkoi4HPUC2qUYKW15ZqlWTDz61Lp89OgFdHyikGedzsHWIGmPo/tKCXpmwSpbU8FlsOdQqOadk9G4mtQ889vphDjmJFCYISnbthUpN0VCUczIMOfEkkQID1CPtDUGiBPpptOThvBYOx3YDYV+gYJT9/dEiriUCfd1J0eqLxdrE/O/WjtW3XM3pUEUKxLg2aJuzKAK4SQf2KGCYMUSDQgLqv8KcR8JhJVOMadDsBdPXoZGpWxbZftWp3EFZsqCI5AHRWCDM1AFN6AG6gCDZ/AC3sC7MTJejQ/jc9aaMeYzh+CPjK8f1hSeog==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="/GqBfzdYxx3vTmgdO3yWeb5/6jU=">AAACB3icbZDNSgMxFIXv+Ftr1dGtm2ARWpAy042CCIIblxXsD7TjkEkzbWgyMyQZsYx9Bje+ihsXivgG7nwb03YW2nog8HFOws09QcKZ0o7zba2srq1vbBa2itulnd09e7/UUnEqCW2SmMeyE2BFOYtoUzPNaSeRFIuA03Ywuprm7XsqFYujWz1OqCfwIGIhI1gby7erjcrYZ4+diwefnaNeQDX2nZMcXAOKDQS+q1eRb5edmjMTWgY3hzLkavj2V68fk1TQSBOOleq6TqK9DEvNCKeTYi9VNMFkhAe0azDCgiovm600QcfG6aMwluZEGs3c3y8yLJQai8DcFFgP1WI2Nf/LuqkOz7yMRUmqaUTmg8KUIx2jaT+ozyQlmo8NYCKZ+SsiQywx0abFoinBXVx5GVr1muvU3BsHCnAIR1ABF07hEq6hAU0g8AQv8Abv1rP1an3M61qx8t4O4I+szx8NqJoa</latexit><latexit sha1_base64="/GqBfzdYxx3vTmgdO3yWeb5/6jU=">AAACB3icbZDNSgMxFIXv+Ftr1dGtm2ARWpAy042CCIIblxXsD7TjkEkzbWgyMyQZsYx9Bje+ihsXivgG7nwb03YW2nog8HFOws09QcKZ0o7zba2srq1vbBa2itulnd09e7/UUnEqCW2SmMeyE2BFOYtoUzPNaSeRFIuA03Ywuprm7XsqFYujWz1OqCfwIGIhI1gby7erjcrYZ4+diwefnaNeQDX2nZMcXAOKDQS+q1eRb5edmjMTWgY3hzLkavj2V68fk1TQSBOOleq6TqK9DEvNCKeTYi9VNMFkhAe0azDCgiovm600QcfG6aMwluZEGs3c3y8yLJQai8DcFFgP1WI2Nf/LuqkOz7yMRUmqaUTmg8KUIx2jaT+ozyQlmo8NYCKZ+SsiQywx0abFoinBXVx5GVr1muvU3BsHCnAIR1ABF07hEq6hAU0g8AQv8Abv1rP1an3M61qx8t4O4I+szx8NqJoa</latexit><latexit sha1_base64="3uOCgy8QVNtEvn8Iop/FIT20WEQ=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2ARWpCS6UZBhKIblxXsBdpxyKRpG5rMDElGHMY+gxtfxY0LRdy6cufbmLaz0NYfAh//OYeT8/sRZ0oj9G3llpZXVtfy64WNza3tHXt3r6nCWBLaICEPZdvHinIW0IZmmtN2JCkWPqctf3Q5qbfuqFQsDG50ElFX4EHA+oxgbSzPLtdLicce2uf3HjuDXZ9q7KHjDBwDig0Evq2WoWcXUQVNBRfByaAIMtU9+6vbC0ksaKAJx0p1HBRpN8VSM8LpuNCNFY0wGeEB7RgMsKDKTacnjeGRcXqwH0rzAg2n7u+JFAulEuGbToH1UM3XJuZ/tU6s+6duyoIo1jQgs0X9mEMdwkk+sMckJZonBjCRzPwVkiGWmGiTYsGE4MyfvAjNasVBFecaFWsXWRx5cAAOQQk44ATUwBWogwYg4BE8g1fwZj1ZL9a79TFrzVnZzD74I+vzB7orm5M=</latexit><latexit sha1_base64="3uOCgy8QVNtEvn8Iop/FIT20WEQ=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2ARWpCS6UZBhKIblxXsBdpxyKRpG5rMDElGHMY+gxtfxY0LRdy6cufbmLaz0NYfAh//OYeT8/sRZ0oj9G3llpZXVtfy64WNza3tHXt3r6nCWBLaICEPZdvHinIW0IZmmtN2JCkWPqctf3Q5qbfuqFQsDG50ElFX4EHA+oxgbSzPLtdLicce2uf3HjuDXZ9q7KHjDBwDig0Evq2WoWcXUQVNBRfByaAIMtU9+6vbC0ksaKAJx0p1HBRpN8VSM8LpuNCNFY0wGeEB7RgMsKDKTacnjeGRcXqwH0rzAg2n7u+JFAulEuGbToH1UM3XJuZ/tU6s+6duyoIo1jQgs0X9mEMdwkk+sMckJZonBjCRzPwVkiGWmGiTYsGE4MyfvAjNasVBFecaFWsXWRx5cAAOQQk44ATUwBWogwYg4BE8g1fwZj1ZL9a79TFrzVnZzD74I+vzB7orm5M=</latexit><latexit sha1_base64="VmHDmJkiXp2BSVHGX0S35GeYtr0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAitCgl6UZBhKIblxXsBZoYJtNpO3QmCTMTMcQ+g5u+ihsXirh15a5v4/Sy0NYfBj7+cw5nzu9HjEplWWMjs7K6tr6R3cxtbe/s7pn7Bw0ZxgKTOg5ZKFo+koTRgNQVVYy0IkEQ9xlp+oPrSb35QISkYXCnkoi4HPUC2qUYKW15ZqlWTDz61Lp89OgFdHyikGedzsHWIGmPo/tKCXpmwSpbU8FlsOdQqOadk9G4mtQ889vphDjmJFCYISnbthUpN0VCUczIMOfEkkQID1CPtDUGiBPpptOThvBYOx3YDYV+gYJT9/dEiriUCfd1J0eqLxdrE/O/WjtW3XM3pUEUKxLg2aJuzKAK4SQf2KGCYMUSDQgLqv8KcR8JhJVOMadDsBdPXoZGpWxbZftWp3EFZsqCI5AHRWCDM1AFN6AG6gCDZ/AC3sC7MTJejQ/jc9aaMeYzh+CPjK8f1hSeog==</latexit><latexit sha1_base64="VmHDmJkiXp2BSVHGX0S35GeYtr0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAitCgl6UZBhKIblxXsBZoYJtNpO3QmCTMTMcQ+g5u+ihsXirh15a5v4/Sy0NYfBj7+cw5nzu9HjEplWWMjs7K6tr6R3cxtbe/s7pn7Bw0ZxgKTOg5ZKFo+koTRgNQVVYy0IkEQ9xlp+oPrSb35QISkYXCnkoi4HPUC2qUYKW15ZqlWTDz61Lp89OgFdHyikGedzsHWIGmPo/tKCXpmwSpbU8FlsOdQqOadk9G4mtQ889vphDjmJFCYISnbthUpN0VCUczIMOfEkkQID1CPtDUGiBPpptOThvBYOx3YDYV+gYJT9/dEiriUCfd1J0eqLxdrE/O/WjtW3XM3pUEUKxLg2aJuzKAK4SQf2KGCYMUSDQgLqv8KcR8JhJVOMadDsBdPXoZGpWxbZftWp3EFZsqCI5AHRWCDM1AFN6AG6gCDZ/AC3sC7MTJejQ/jc9aaMeYzh+CPjK8f1hSeog==</latexit><latexit sha1_base64="VmHDmJkiXp2BSVHGX0S35GeYtr0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAitCgl6UZBhKIblxXsBZoYJtNpO3QmCTMTMcQ+g5u+ihsXirh15a5v4/Sy0NYfBj7+cw5nzu9HjEplWWMjs7K6tr6R3cxtbe/s7pn7Bw0ZxgKTOg5ZKFo+koTRgNQVVYy0IkEQ9xlp+oPrSb35QISkYXCnkoi4HPUC2qUYKW15ZqlWTDz61Lp89OgFdHyikGedzsHWIGmPo/tKCXpmwSpbU8FlsOdQqOadk9G4mtQ889vphDjmJFCYISnbthUpN0VCUczIMOfEkkQID1CPtDUGiBPpptOThvBYOx3YDYV+gYJT9/dEiriUCfd1J0eqLxdrE/O/WjtW3XM3pUEUKxLg2aJuzKAK4SQf2KGCYMUSDQgLqv8KcR8JhJVOMadDsBdPXoZGpWxbZftWp3EFZsqCI5AHRWCDM1AFN6AG6gCDZ/AC3sC7MTJejQ/jc9aaMeYzh+CPjK8f1hSeog==</latexit><latexit sha1_base64="VmHDmJkiXp2BSVHGX0S35GeYtr0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAitCgl6UZBhKIblxXsBZoYJtNpO3QmCTMTMcQ+g5u+ihsXirh15a5v4/Sy0NYfBj7+cw5nzu9HjEplWWMjs7K6tr6R3cxtbe/s7pn7Bw0ZxgKTOg5ZKFo+koTRgNQVVYy0IkEQ9xlp+oPrSb35QISkYXCnkoi4HPUC2qUYKW15ZqlWTDz61Lp89OgFdHyikGedzsHWIGmPo/tKCXpmwSpbU8FlsOdQqOadk9G4mtQ889vphDjmJFCYISnbthUpN0VCUczIMOfEkkQID1CPtDUGiBPpptOThvBYOx3YDYV+gYJT9/dEiriUCfd1J0eqLxdrE/O/WjtW3XM3pUEUKxLg2aJuzKAK4SQf2KGCYMUSDQgLqv8KcR8JhJVOMadDsBdPXoZGpWxbZftWp3EFZsqCI5AHRWCDM1AFN6AG6gCDZ/AC3sC7MTJejQ/jc9aaMeYzh+CPjK8f1hSeog==</latexit><latexit sha1_base64="3uOCgy8QVNtEvn8Iop/FIT20WEQ=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2ARWpCS6UZBhKIblxXsBdpxyKRpG5rMDElGHMY+gxtfxY0LRdy6cufbmLaz0NYfAh//OYeT8/sRZ0oj9G3llpZXVtfy64WNza3tHXt3r6nCWBLaICEPZdvHinIW0IZmmtN2JCkWPqctf3Q5qbfuqFQsDG50ElFX4EHA+oxgbSzPLtdLicce2uf3HjuDXZ9q7KHjDBwDig0Evq2WoWcXUQVNBRfByaAIMtU9+6vbC0ksaKAJx0p1HBRpN8VSM8LpuNCNFY0wGeEB7RgMsKDKTacnjeGRcXqwH0rzAg2n7u+JFAulEuGbToH1UM3XJuZ/tU6s+6duyoIo1jQgs0X9mEMdwkk+sMckJZonBjCRzPwVkiGWmGiTYsGE4MyfvAjNasVBFecaFWsXWRx5cAAOQQk44ATUwBWogwYg4BE8g1fwZj1ZL9a79TFrzVnZzD74I+vzB7orm5M=</latexit>

Given any data set (x1, y1), (x2, y2), ...(xn, yn), we can now write down the
<latexit sha1_base64="6JUcdRm/kPLyrQNrzQf+wq8pMSA="></latexit><latexit sha1_base64="6JUcdRm/kPLyrQNrzQf+wq8pMSA="></latexit><latexit sha1_base64="6JUcdRm/kPLyrQNrzQf+wq8pMSA="></latexit><latexit sha1_base64="6JUcdRm/kPLyrQNrzQf+wq8pMSA="></latexit>

probability density, under the model, of seeing that data:
<latexit sha1_base64="jGdOoUoetnbuCGH+RnsOUDcXS0c=">AAACJXicbVA9SwNBEN3z2/gVtbRZDIKFhDsbRSxEG0sFo4EkhLm9uWRxb/fYnRNCyJ+x8a/YWCgiWPlX3MQUmvhgmMd7M+zOi3MlHYXhZzAzOze/sLi0XFpZXVvfKG9u3TpTWIE1YZSx9RgcKqmxRpIU1nOLkMUK7+L7i6F/94DWSaNvqJdjK4OOlqkUQF5ql09za2KIpZLU4wlq5/sBL3SCllMXeWYSVAfcpNwhSt3xIhBPgOCEl9rlSlgNR+DTJBqTChvjql1+ayZGFBlqEgqca0RhTq0+WJJC4aDULBzmIO6hgw1PNWToWv3RlQO+55WEp8b60sRH6u+NPmTO9bLYT2ZAXTfpDcX/vEZB6XGrL3VeEGrx81BaKE6GDyPjibQoSPl8JAgr/V+56IIFQT7YYQjR5MnT5PawGoXV6PqwcnY+jmOJ7bBdts8idsTO2CW7YjUm2CN7Zq/sLXgKXoL34ONndCYY72yzPwi+vgFJuqRp</latexit><latexit sha1_base64="jGdOoUoetnbuCGH+RnsOUDcXS0c=">AAACJXicbVA9SwNBEN3z2/gVtbRZDIKFhDsbRSxEG0sFo4EkhLm9uWRxb/fYnRNCyJ+x8a/YWCgiWPlX3MQUmvhgmMd7M+zOi3MlHYXhZzAzOze/sLi0XFpZXVvfKG9u3TpTWIE1YZSx9RgcKqmxRpIU1nOLkMUK7+L7i6F/94DWSaNvqJdjK4OOlqkUQF5ql09za2KIpZLU4wlq5/sBL3SCllMXeWYSVAfcpNwhSt3xIhBPgOCEl9rlSlgNR+DTJBqTChvjql1+ayZGFBlqEgqca0RhTq0+WJJC4aDULBzmIO6hgw1PNWToWv3RlQO+55WEp8b60sRH6u+NPmTO9bLYT2ZAXTfpDcX/vEZB6XGrL3VeEGrx81BaKE6GDyPjibQoSPl8JAgr/V+56IIFQT7YYQjR5MnT5PawGoXV6PqwcnY+jmOJ7bBdts8idsTO2CW7YjUm2CN7Zq/sLXgKXoL34ONndCYY72yzPwi+vgFJuqRp</latexit><latexit sha1_base64="jGdOoUoetnbuCGH+RnsOUDcXS0c=">AAACJXicbVA9SwNBEN3z2/gVtbRZDIKFhDsbRSxEG0sFo4EkhLm9uWRxb/fYnRNCyJ+x8a/YWCgiWPlX3MQUmvhgmMd7M+zOi3MlHYXhZzAzOze/sLi0XFpZXVvfKG9u3TpTWIE1YZSx9RgcKqmxRpIU1nOLkMUK7+L7i6F/94DWSaNvqJdjK4OOlqkUQF5ql09za2KIpZLU4wlq5/sBL3SCllMXeWYSVAfcpNwhSt3xIhBPgOCEl9rlSlgNR+DTJBqTChvjql1+ayZGFBlqEgqca0RhTq0+WJJC4aDULBzmIO6hgw1PNWToWv3RlQO+55WEp8b60sRH6u+NPmTO9bLYT2ZAXTfpDcX/vEZB6XGrL3VeEGrx81BaKE6GDyPjibQoSPl8JAgr/V+56IIFQT7YYQjR5MnT5PawGoXV6PqwcnY+jmOJ7bBdts8idsTO2CW7YjUm2CN7Zq/sLXgKXoL34ONndCYY72yzPwi+vgFJuqRp</latexit><latexit sha1_base64="jGdOoUoetnbuCGH+RnsOUDcXS0c=">AAACJXicbVA9SwNBEN3z2/gVtbRZDIKFhDsbRSxEG0sFo4EkhLm9uWRxb/fYnRNCyJ+x8a/YWCgiWPlX3MQUmvhgmMd7M+zOi3MlHYXhZzAzOze/sLi0XFpZXVvfKG9u3TpTWIE1YZSx9RgcKqmxRpIU1nOLkMUK7+L7i6F/94DWSaNvqJdjK4OOlqkUQF5ql09za2KIpZLU4wlq5/sBL3SCllMXeWYSVAfcpNwhSt3xIhBPgOCEl9rlSlgNR+DTJBqTChvjql1+ayZGFBlqEgqca0RhTq0+WJJC4aDULBzmIO6hgw1PNWToWv3RlQO+55WEp8b60sRH6u+NPmTO9bLYT2ZAXTfpDcX/vEZB6XGrL3VeEGrx81BaKE6GDyPjibQoSPl8JAgr/V+56IIFQT7YYQjR5MnT5PawGoXV6PqwcnY+jmOJ7bBdts8idsTO2CW7YjUm2CN7Zq/sLXgKXoL34ONndCYY72yzPwi+vgFJuqRp</latexit>

P (yi|X = xi;�0,�1,�
2) =

1p
2⇡�2

e
�
(yi � (�0 + �1xi))

2

2�2

<latexit sha1_base64="hSavV0zdZh/pWaFkR0pRTXr18M4="></latexit><latexit sha1_base64="hSavV0zdZh/pWaFkR0pRTXr18M4="></latexit><latexit sha1_base64="hSavV0zdZh/pWaFkR0pRTXr18M4="></latexit><latexit sha1_base64="hSavV0zdZh/pWaFkR0pRTXr18M4="></latexit>

The Assumptions again!



1) MLE {Maximum Likelihood Estimate}

P (yi|X = xi;�0,�1,�
2)

<latexit sha1_base64="q+YqUH36Cc0zZ28pYoo3rttZc70=">AAACEnicbZDLSgMxFIbP1Futt6pLN6FFaFHKTDcKIhTduKxgL9DWIZOmbWgyMyQZcRj7DG58AF/CjQtF3Lpy59uYXhZa/SHw8Z9zODm/F3KmtG1/WamFxaXllfRqZm19Y3Mru71TV0EkCa2RgAey6WFFOfNpTTPNaTOUFAuP04Y3PB/XGzdUKhb4VzoOaUfgvs96jGBtLDdbrBZil901T29ddoLaHtXYtQ9n4BhQrC/wdbmI3GzeLtkTob/gzCBfybUPHgGg6mY/292ARIL6mnCsVMuxQ91JsNSMcDrKtCNFQ0yGuE9bBn0sqOokk5NGaN84XdQLpHm+RhP350SChVKx8EynwHqg5mtj879aK9K9407C/DDS1CfTRb2IIx2gcT6oyyQlmscGMJHM/BWRAZaYaJNixoTgzJ/8F+rlkmOXnEuTxhlMlYY9yEEBHDiCClxAFWpA4B6e4AVerQfr2Xqz3qetKWs2swu/ZH18A8yqnRw=</latexit><latexit sha1_base64="VmHDmJkiXp2BSVHGX0S35GeYtr0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAitCgl6UZBhKIblxXsBZoYJtNpO3QmCTMTMcQ+g5u+ihsXirh15a5v4/Sy0NYfBj7+cw5nzu9HjEplWWMjs7K6tr6R3cxtbe/s7pn7Bw0ZxgKTOg5ZKFo+koTRgNQVVYy0IkEQ9xlp+oPrSb35QISkYXCnkoi4HPUC2qUYKW15ZqlWTDz61Lp89OgFdHyikGedzsHWIGmPo/tKCXpmwSpbU8FlsOdQqOadk9G4mtQ889vphDjmJFCYISnbthUpN0VCUczIMOfEkkQID1CPtDUGiBPpptOThvBYOx3YDYV+gYJT9/dEiriUCfd1J0eqLxdrE/O/WjtW3XM3pUEUKxLg2aJuzKAK4SQf2KGCYMUSDQgLqv8KcR8JhJVOMadDsBdPXoZGpWxbZftWp3EFZsqCI5AHRWCDM1AFN6AG6gCDZ/AC3sC7MTJejQ/jc9aaMeYzh+CPjK8f1hSeog==</latexit><latexit sha1_base64="VmHDmJkiXp2BSVHGX0S35GeYtr0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAitCgl6UZBhKIblxXsBZoYJtNpO3QmCTMTMcQ+g5u+ihsXirh15a5v4/Sy0NYfBj7+cw5nzu9HjEplWWMjs7K6tr6R3cxtbe/s7pn7Bw0ZxgKTOg5ZKFo+koTRgNQVVYy0IkEQ9xlp+oPrSb35QISkYXCnkoi4HPUC2qUYKW15ZqlWTDz61Lp89OgFdHyikGedzsHWIGmPo/tKCXpmwSpbU8FlsOdQqOadk9G4mtQ889vphDjmJFCYISnbthUpN0VCUczIMOfEkkQID1CPtDUGiBPpptOThvBYOx3YDYV+gYJT9/dEiriUCfd1J0eqLxdrE/O/WjtW3XM3pUEUKxLg2aJuzKAK4SQf2KGCYMUSDQgLqv8KcR8JhJVOMadDsBdPXoZGpWxbZftWp3EFZsqCI5AHRWCDM1AFN6AG6gCDZ/AC3sC7MTJejQ/jc9aaMeYzh+CPjK8f1hSeog==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="/GqBfzdYxx3vTmgdO3yWeb5/6jU=">AAACB3icbZDNSgMxFIXv+Ftr1dGtm2ARWpAy042CCIIblxXsD7TjkEkzbWgyMyQZsYx9Bje+ihsXivgG7nwb03YW2nog8HFOws09QcKZ0o7zba2srq1vbBa2itulnd09e7/UUnEqCW2SmMeyE2BFOYtoUzPNaSeRFIuA03Ywuprm7XsqFYujWz1OqCfwIGIhI1gby7erjcrYZ4+diwefnaNeQDX2nZMcXAOKDQS+q1eRb5edmjMTWgY3hzLkavj2V68fk1TQSBOOleq6TqK9DEvNCKeTYi9VNMFkhAe0azDCgiovm600QcfG6aMwluZEGs3c3y8yLJQai8DcFFgP1WI2Nf/LuqkOz7yMRUmqaUTmg8KUIx2jaT+ozyQlmo8NYCKZ+SsiQywx0abFoinBXVx5GVr1muvU3BsHCnAIR1ABF07hEq6hAU0g8AQv8Abv1rP1an3M61qx8t4O4I+szx8NqJoa</latexit><latexit sha1_base64="/GqBfzdYxx3vTmgdO3yWeb5/6jU=">AAACB3icbZDNSgMxFIXv+Ftr1dGtm2ARWpAy042CCIIblxXsD7TjkEkzbWgyMyQZsYx9Bje+ihsXivgG7nwb03YW2nog8HFOws09QcKZ0o7zba2srq1vbBa2itulnd09e7/UUnEqCW2SmMeyE2BFOYtoUzPNaSeRFIuA03Ywuprm7XsqFYujWz1OqCfwIGIhI1gby7erjcrYZ4+diwefnaNeQDX2nZMcXAOKDQS+q1eRb5edmjMTWgY3hzLkavj2V68fk1TQSBOOleq6TqK9DEvNCKeTYi9VNMFkhAe0azDCgiovm600QcfG6aMwluZEGs3c3y8yLJQai8DcFFgP1WI2Nf/LuqkOz7yMRUmqaUTmg8KUIx2jaT+ozyQlmo8NYCKZ+SsiQywx0abFoinBXVx5GVr1muvU3BsHCnAIR1ABF07hEq6hAU0g8AQv8Abv1rP1an3M61qx8t4O4I+szx8NqJoa</latexit><latexit sha1_base64="3uOCgy8QVNtEvn8Iop/FIT20WEQ=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2ARWpCS6UZBhKIblxXsBdpxyKRpG5rMDElGHMY+gxtfxY0LRdy6cufbmLaz0NYfAh//OYeT8/sRZ0oj9G3llpZXVtfy64WNza3tHXt3r6nCWBLaICEPZdvHinIW0IZmmtN2JCkWPqctf3Q5qbfuqFQsDG50ElFX4EHA+oxgbSzPLtdLicce2uf3HjuDXZ9q7KHjDBwDig0Evq2WoWcXUQVNBRfByaAIMtU9+6vbC0ksaKAJx0p1HBRpN8VSM8LpuNCNFY0wGeEB7RgMsKDKTacnjeGRcXqwH0rzAg2n7u+JFAulEuGbToH1UM3XJuZ/tU6s+6duyoIo1jQgs0X9mEMdwkk+sMckJZonBjCRzPwVkiGWmGiTYsGE4MyfvAjNasVBFecaFWsXWRx5cAAOQQk44ATUwBWogwYg4BE8g1fwZj1ZL9a79TFrzVnZzD74I+vzB7orm5M=</latexit><latexit sha1_base64="3uOCgy8QVNtEvn8Iop/FIT20WEQ=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2ARWpCS6UZBhKIblxXsBdpxyKRpG5rMDElGHMY+gxtfxY0LRdy6cufbmLaz0NYfAh//OYeT8/sRZ0oj9G3llpZXVtfy64WNza3tHXt3r6nCWBLaICEPZdvHinIW0IZmmtN2JCkWPqctf3Q5qbfuqFQsDG50ElFX4EHA+oxgbSzPLtdLicce2uf3HjuDXZ9q7KHjDBwDig0Evq2WoWcXUQVNBRfByaAIMtU9+6vbC0ksaKAJx0p1HBRpN8VSM8LpuNCNFY0wGeEB7RgMsKDKTacnjeGRcXqwH0rzAg2n7u+JFAulEuGbToH1UM3XJuZ/tU6s+6duyoIo1jQgs0X9mEMdwkk+sMckJZonBjCRzPwVkiGWmGiTYsGE4MyfvAjNasVBFecaFWsXWRx5cAAOQQk44ATUwBWogwYg4BE8g1fwZj1ZL9a79TFrzVnZzD74I+vzB7orm5M=</latexit><latexit sha1_base64="VmHDmJkiXp2BSVHGX0S35GeYtr0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAitCgl6UZBhKIblxXsBZoYJtNpO3QmCTMTMcQ+g5u+ihsXirh15a5v4/Sy0NYfBj7+cw5nzu9HjEplWWMjs7K6tr6R3cxtbe/s7pn7Bw0ZxgKTOg5ZKFo+koTRgNQVVYy0IkEQ9xlp+oPrSb35QISkYXCnkoi4HPUC2qUYKW15ZqlWTDz61Lp89OgFdHyikGedzsHWIGmPo/tKCXpmwSpbU8FlsOdQqOadk9G4mtQ889vphDjmJFCYISnbthUpN0VCUczIMOfEkkQID1CPtDUGiBPpptOThvBYOx3YDYV+gYJT9/dEiriUCfd1J0eqLxdrE/O/WjtW3XM3pUEUKxLg2aJuzKAK4SQf2KGCYMUSDQgLqv8KcR8JhJVOMadDsBdPXoZGpWxbZftWp3EFZsqCI5AHRWCDM1AFN6AG6gCDZ/AC3sC7MTJejQ/jc9aaMeYzh+CPjK8f1hSeog==</latexit><latexit sha1_base64="VmHDmJkiXp2BSVHGX0S35GeYtr0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAitCgl6UZBhKIblxXsBZoYJtNpO3QmCTMTMcQ+g5u+ihsXirh15a5v4/Sy0NYfBj7+cw5nzu9HjEplWWMjs7K6tr6R3cxtbe/s7pn7Bw0ZxgKTOg5ZKFo+koTRgNQVVYy0IkEQ9xlp+oPrSb35QISkYXCnkoi4HPUC2qUYKW15ZqlWTDz61Lp89OgFdHyikGedzsHWIGmPo/tKCXpmwSpbU8FlsOdQqOadk9G4mtQ889vphDjmJFCYISnbthUpN0VCUczIMOfEkkQID1CPtDUGiBPpptOThvBYOx3YDYV+gYJT9/dEiriUCfd1J0eqLxdrE/O/WjtW3XM3pUEUKxLg2aJuzKAK4SQf2KGCYMUSDQgLqv8KcR8JhJVOMadDsBdPXoZGpWxbZftWp3EFZsqCI5AHRWCDM1AFN6AG6gCDZ/AC3sC7MTJejQ/jc9aaMeYzh+CPjK8f1hSeog==</latexit><latexit sha1_base64="VmHDmJkiXp2BSVHGX0S35GeYtr0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAitCgl6UZBhKIblxXsBZoYJtNpO3QmCTMTMcQ+g5u+ihsXirh15a5v4/Sy0NYfBj7+cw5nzu9HjEplWWMjs7K6tr6R3cxtbe/s7pn7Bw0ZxgKTOg5ZKFo+koTRgNQVVYy0IkEQ9xlp+oPrSb35QISkYXCnkoi4HPUC2qUYKW15ZqlWTDz61Lp89OgFdHyikGedzsHWIGmPo/tKCXpmwSpbU8FlsOdQqOadk9G4mtQ889vphDjmJFCYISnbthUpN0VCUczIMOfEkkQID1CPtDUGiBPpptOThvBYOx3YDYV+gYJT9/dEiriUCfd1J0eqLxdrE/O/WjtW3XM3pUEUKxLg2aJuzKAK4SQf2KGCYMUSDQgLqv8KcR8JhJVOMadDsBdPXoZGpWxbZftWp3EFZsqCI5AHRWCDM1AFN6AG6gCDZ/AC3sC7MTJejQ/jc9aaMeYzh+CPjK8f1hSeog==</latexit><latexit sha1_base64="VmHDmJkiXp2BSVHGX0S35GeYtr0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAitCgl6UZBhKIblxXsBZoYJtNpO3QmCTMTMcQ+g5u+ihsXirh15a5v4/Sy0NYfBj7+cw5nzu9HjEplWWMjs7K6tr6R3cxtbe/s7pn7Bw0ZxgKTOg5ZKFo+koTRgNQVVYy0IkEQ9xlp+oPrSb35QISkYXCnkoi4HPUC2qUYKW15ZqlWTDz61Lp89OgFdHyikGedzsHWIGmPo/tKCXpmwSpbU8FlsOdQqOadk9G4mtQ889vphDjmJFCYISnbthUpN0VCUczIMOfEkkQID1CPtDUGiBPpptOThvBYOx3YDYV+gYJT9/dEiriUCfd1J0eqLxdrE/O/WjtW3XM3pUEUKxLg2aJuzKAK4SQf2KGCYMUSDQgLqv8KcR8JhJVOMadDsBdPXoZGpWxbZftWp3EFZsqCI5AHRWCDM1AFN6AG6gCDZ/AC3sC7MTJejQ/jc9aaMeYzh+CPjK8f1hSeog==</latexit><latexit sha1_base64="3uOCgy8QVNtEvn8Iop/FIT20WEQ=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2ARWpCS6UZBhKIblxXsBdpxyKRpG5rMDElGHMY+gxtfxY0LRdy6cufbmLaz0NYfAh//OYeT8/sRZ0oj9G3llpZXVtfy64WNza3tHXt3r6nCWBLaICEPZdvHinIW0IZmmtN2JCkWPqctf3Q5qbfuqFQsDG50ElFX4EHA+oxgbSzPLtdLicce2uf3HjuDXZ9q7KHjDBwDig0Evq2WoWcXUQVNBRfByaAIMtU9+6vbC0ksaKAJx0p1HBRpN8VSM8LpuNCNFY0wGeEB7RgMsKDKTacnjeGRcXqwH0rzAg2n7u+JFAulEuGbToH1UM3XJuZ/tU6s+6duyoIo1jQgs0X9mEMdwkk+sMckJZonBjCRzPwVkiGWmGiTYsGE4MyfvAjNasVBFecaFWsXWRx5cAAOQQk44ATUwBWogwYg4BE8g1fwZj1ZL9a79TFrzVnZzD74I+vzB7orm5M=</latexit>

P (yi|X = xi;�0,�1,�
2) =

1p
2⇡�2

e
�
(yi � (�0 + �1xi))

2

2�2

<latexit sha1_base64="hSavV0zdZh/pWaFkR0pRTXr18M4="></latexit><latexit sha1_base64="hSavV0zdZh/pWaFkR0pRTXr18M4="></latexit><latexit sha1_base64="hSavV0zdZh/pWaFkR0pRTXr18M4="></latexit><latexit sha1_base64="hSavV0zdZh/pWaFkR0pRTXr18M4="></latexit>

argmax
~�

<latexit sha1_base64="+XtMJQ6XfX0HcULAiFa2RoeLbdM=">AAACBHicbVBNS8NAEN3Ur1q/qh57CRbBU0lE0GPRi8cK9gOaEibbSbt0Nwm7m2IJPXjxr3jxoIhXf4Q3/43bNgdtfTDweG+GmXlBwpnSjvNtFdbWNza3itulnd29/YPy4VFLxamk2KQxj2UnAIWcRdjUTHPsJBJBBBzbwehm5rfHKBWLo3s9SbAnYBCxkFHQRvLLlZIHcuAJePAzb4w08wLUMJ2WDPxy1ak5c9irxM1JleRo+OUvrx/TVGCkKQeluq6T6F4GUjPKcVryUoUJ0BEMsGtoBAJVL5s/MbVPjdK3w1iairQ9V39PZCCUmojAdArQQ7XszcT/vG6qw6texqIk1RjRxaIw5baO7Vkidp9JpJpPDAEqmbnVpkOQQLXJbRaCu/zyKmmd11yn5t5dVOvXeRxFUiEn5Iy45JLUyS1pkCah5JE8k1fyZj1ZL9a79bFoLVj5zDH5A+vzBwUKlwQ=</latexit><latexit sha1_base64="+XtMJQ6XfX0HcULAiFa2RoeLbdM=">AAACBHicbVBNS8NAEN3Ur1q/qh57CRbBU0lE0GPRi8cK9gOaEibbSbt0Nwm7m2IJPXjxr3jxoIhXf4Q3/43bNgdtfTDweG+GmXlBwpnSjvNtFdbWNza3itulnd29/YPy4VFLxamk2KQxj2UnAIWcRdjUTHPsJBJBBBzbwehm5rfHKBWLo3s9SbAnYBCxkFHQRvLLlZIHcuAJePAzb4w08wLUMJ2WDPxy1ak5c9irxM1JleRo+OUvrx/TVGCkKQeluq6T6F4GUjPKcVryUoUJ0BEMsGtoBAJVL5s/MbVPjdK3w1iairQ9V39PZCCUmojAdArQQ7XszcT/vG6qw6texqIk1RjRxaIw5baO7Vkidp9JpJpPDAEqmbnVpkOQQLXJbRaCu/zyKmmd11yn5t5dVOvXeRxFUiEn5Iy45JLUyS1pkCah5JE8k1fyZj1ZL9a79bFoLVj5zDH5A+vzBwUKlwQ=</latexit><latexit sha1_base64="+XtMJQ6XfX0HcULAiFa2RoeLbdM=">AAACBHicbVBNS8NAEN3Ur1q/qh57CRbBU0lE0GPRi8cK9gOaEibbSbt0Nwm7m2IJPXjxr3jxoIhXf4Q3/43bNgdtfTDweG+GmXlBwpnSjvNtFdbWNza3itulnd29/YPy4VFLxamk2KQxj2UnAIWcRdjUTHPsJBJBBBzbwehm5rfHKBWLo3s9SbAnYBCxkFHQRvLLlZIHcuAJePAzb4w08wLUMJ2WDPxy1ak5c9irxM1JleRo+OUvrx/TVGCkKQeluq6T6F4GUjPKcVryUoUJ0BEMsGtoBAJVL5s/MbVPjdK3w1iairQ9V39PZCCUmojAdArQQ7XszcT/vG6qw6texqIk1RjRxaIw5baO7Vkidp9JpJpPDAEqmbnVpkOQQLXJbRaCu/zyKmmd11yn5t5dVOvXeRxFUiEn5Iy45JLUyS1pkCah5JE8k1fyZj1ZL9a79bFoLVj5zDH5A+vzBwUKlwQ=</latexit><latexit sha1_base64="+XtMJQ6XfX0HcULAiFa2RoeLbdM=">AAACBHicbVBNS8NAEN3Ur1q/qh57CRbBU0lE0GPRi8cK9gOaEibbSbt0Nwm7m2IJPXjxr3jxoIhXf4Q3/43bNgdtfTDweG+GmXlBwpnSjvNtFdbWNza3itulnd29/YPy4VFLxamk2KQxj2UnAIWcRdjUTHPsJBJBBBzbwehm5rfHKBWLo3s9SbAnYBCxkFHQRvLLlZIHcuAJePAzb4w08wLUMJ2WDPxy1ak5c9irxM1JleRo+OUvrx/TVGCkKQeluq6T6F4GUjPKcVryUoUJ0BEMsGtoBAJVL5s/MbVPjdK3w1iairQ9V39PZCCUmojAdArQQ7XszcT/vG6qw6texqIk1RjRxaIw5baO7Vkidp9JpJpPDAEqmbnVpkOQQLXJbRaCu/zyKmmd11yn5t5dVOvXeRxFUiEn5Iy45JLUyS1pkCah5JE8k1fyZj1ZL9a79bFoLVj5zDH5A+vzBwUKlwQ=</latexit>

NY

i=1

P (yi|xi, ~�)
<latexit sha1_base64="a87gZ7qqPwDfQIgiMaCL+4RRq88=">AAACFHicbVDLSsNAFJ3UV42vqEs3g0WoKCURQTdC0Y0rqWAf0NQwmdy0QycPZibFEvMRbvwVNy4UcevCnX9j+lho9cCFwzn3cu89bsyZVKb5pRXm5hcWl4rL+srq2vqGsbnVkFEiKNRpxCPRcokEzkKoK6Y4tGIBJHA5NN3+xchvDkBIFoU3ahhDJyDdkPmMEpVLjnGg27GIPCdl+Axb2e0VrpWHDru/c9ghtgdAU9sFRbJ9Xdcdo2RWzDHwX2JNSQlNUXOMT9uLaBJAqCgnUrYtM1adlAjFKIdMtxMJMaF90oV2TkMSgOyk46cyvJcrHvYjkVeo8Fj9OZGSQMph4OadAVE9OeuNxP+8dqL8007KwjhRENLJIj/hWEV4lBD2mACq+DAnhAqW34ppjwhCVZ7jKARr9uW/pHFUscyKdX1cqp5P4yiiHbSLyshCJ6iKLlEN1RFFD+gJvaBX7VF71t6090lrQZvObKNf0D6+AQAWnEA=</latexit><latexit sha1_base64="a87gZ7qqPwDfQIgiMaCL+4RRq88=">AAACFHicbVDLSsNAFJ3UV42vqEs3g0WoKCURQTdC0Y0rqWAf0NQwmdy0QycPZibFEvMRbvwVNy4UcevCnX9j+lho9cCFwzn3cu89bsyZVKb5pRXm5hcWl4rL+srq2vqGsbnVkFEiKNRpxCPRcokEzkKoK6Y4tGIBJHA5NN3+xchvDkBIFoU3ahhDJyDdkPmMEpVLjnGg27GIPCdl+Axb2e0VrpWHDru/c9ghtgdAU9sFRbJ9Xdcdo2RWzDHwX2JNSQlNUXOMT9uLaBJAqCgnUrYtM1adlAjFKIdMtxMJMaF90oV2TkMSgOyk46cyvJcrHvYjkVeo8Fj9OZGSQMph4OadAVE9OeuNxP+8dqL8007KwjhRENLJIj/hWEV4lBD2mACq+DAnhAqW34ppjwhCVZ7jKARr9uW/pHFUscyKdX1cqp5P4yiiHbSLyshCJ6iKLlEN1RFFD+gJvaBX7VF71t6090lrQZvObKNf0D6+AQAWnEA=</latexit><latexit sha1_base64="a87gZ7qqPwDfQIgiMaCL+4RRq88=">AAACFHicbVDLSsNAFJ3UV42vqEs3g0WoKCURQTdC0Y0rqWAf0NQwmdy0QycPZibFEvMRbvwVNy4UcevCnX9j+lho9cCFwzn3cu89bsyZVKb5pRXm5hcWl4rL+srq2vqGsbnVkFEiKNRpxCPRcokEzkKoK6Y4tGIBJHA5NN3+xchvDkBIFoU3ahhDJyDdkPmMEpVLjnGg27GIPCdl+Axb2e0VrpWHDru/c9ghtgdAU9sFRbJ9Xdcdo2RWzDHwX2JNSQlNUXOMT9uLaBJAqCgnUrYtM1adlAjFKIdMtxMJMaF90oV2TkMSgOyk46cyvJcrHvYjkVeo8Fj9OZGSQMph4OadAVE9OeuNxP+8dqL8007KwjhRENLJIj/hWEV4lBD2mACq+DAnhAqW34ppjwhCVZ7jKARr9uW/pHFUscyKdX1cqp5P4yiiHbSLyshCJ6iKLlEN1RFFD+gJvaBX7VF71t6090lrQZvObKNf0D6+AQAWnEA=</latexit><latexit sha1_base64="a87gZ7qqPwDfQIgiMaCL+4RRq88=">AAACFHicbVDLSsNAFJ3UV42vqEs3g0WoKCURQTdC0Y0rqWAf0NQwmdy0QycPZibFEvMRbvwVNy4UcevCnX9j+lho9cCFwzn3cu89bsyZVKb5pRXm5hcWl4rL+srq2vqGsbnVkFEiKNRpxCPRcokEzkKoK6Y4tGIBJHA5NN3+xchvDkBIFoU3ahhDJyDdkPmMEpVLjnGg27GIPCdl+Axb2e0VrpWHDru/c9ghtgdAU9sFRbJ9Xdcdo2RWzDHwX2JNSQlNUXOMT9uLaBJAqCgnUrYtM1adlAjFKIdMtxMJMaF90oV2TkMSgOyk46cyvJcrHvYjkVeo8Fj9OZGSQMph4OadAVE9OeuNxP+8dqL8007KwjhRENLJIj/hWEV4lBD2mACq+DAnhAqW34ppjwhCVZ7jKARr9uW/pHFUscyKdX1cqp5P4yiiHbSLyshCJ6iKLlEN1RFFD+gJvaBX7VF71t6090lrQZvObKNf0D6+AQAWnEA=</latexit>

NX

i=1

logP (yi|xi, ~�)
<latexit sha1_base64="Tn3GM7KIpRvIMJ+RWATC7VCFWyQ=">AAACGHicbVDLSsNAFJ3UV42vqks3g0WoIDURQTdC0Y0rqWAf0MQwmd62QycPZibFEPsZbvwVNy4Ucdudf2PSZqHVAxcO59zLvfe4IWdSGcaXVlhYXFpeKa7qa+sbm1ul7Z2mDCJBoUEDHoi2SyRw5kNDMcWhHQognsuh5Q6vMr81AiFZ4N+pOATbI32f9RglKpWc0rFuychzEoYvsDm+v8EWD/q4Xokd9vjgsCNsjYAmlguKjA91XXdKZaNqTIH/EjMnZZSj7pQmVjegkQe+opxI2TGNUNkJEYpRDmPdiiSEhA5JHzop9YkH0k6mj43xQap0cS8QafkKT9WfEwnxpIw9N+30iBrIeS8T//M6keqd2wnzw0iBT2eLehHHKsBZSrjLBFDF45QQKlh6K6YDIghVaZZZCOb8y39J86RqGlXz9rRcu8zjKKI9tI8qyERnqIauUR01EEVP6AW9oXftWXvVPrTPWWtBy2d20S9ok2/ilJ3G</latexit><latexit sha1_base64="Tn3GM7KIpRvIMJ+RWATC7VCFWyQ=">AAACGHicbVDLSsNAFJ3UV42vqks3g0WoIDURQTdC0Y0rqWAf0MQwmd62QycPZibFEPsZbvwVNy4Ucdudf2PSZqHVAxcO59zLvfe4IWdSGcaXVlhYXFpeKa7qa+sbm1ul7Z2mDCJBoUEDHoi2SyRw5kNDMcWhHQognsuh5Q6vMr81AiFZ4N+pOATbI32f9RglKpWc0rFuychzEoYvsDm+v8EWD/q4Xokd9vjgsCNsjYAmlguKjA91XXdKZaNqTIH/EjMnZZSj7pQmVjegkQe+opxI2TGNUNkJEYpRDmPdiiSEhA5JHzop9YkH0k6mj43xQap0cS8QafkKT9WfEwnxpIw9N+30iBrIeS8T//M6keqd2wnzw0iBT2eLehHHKsBZSrjLBFDF45QQKlh6K6YDIghVaZZZCOb8y39J86RqGlXz9rRcu8zjKKI9tI8qyERnqIauUR01EEVP6AW9oXftWXvVPrTPWWtBy2d20S9ok2/ilJ3G</latexit><latexit sha1_base64="Tn3GM7KIpRvIMJ+RWATC7VCFWyQ=">AAACGHicbVDLSsNAFJ3UV42vqks3g0WoIDURQTdC0Y0rqWAf0MQwmd62QycPZibFEPsZbvwVNy4Ucdudf2PSZqHVAxcO59zLvfe4IWdSGcaXVlhYXFpeKa7qa+sbm1ul7Z2mDCJBoUEDHoi2SyRw5kNDMcWhHQognsuh5Q6vMr81AiFZ4N+pOATbI32f9RglKpWc0rFuychzEoYvsDm+v8EWD/q4Xokd9vjgsCNsjYAmlguKjA91XXdKZaNqTIH/EjMnZZSj7pQmVjegkQe+opxI2TGNUNkJEYpRDmPdiiSEhA5JHzop9YkH0k6mj43xQap0cS8QafkKT9WfEwnxpIw9N+30iBrIeS8T//M6keqd2wnzw0iBT2eLehHHKsBZSrjLBFDF45QQKlh6K6YDIghVaZZZCOb8y39J86RqGlXz9rRcu8zjKKI9tI8qyERnqIauUR01EEVP6AW9oXftWXvVPrTPWWtBy2d20S9ok2/ilJ3G</latexit><latexit sha1_base64="Tn3GM7KIpRvIMJ+RWATC7VCFWyQ=">AAACGHicbVDLSsNAFJ3UV42vqks3g0WoIDURQTdC0Y0rqWAf0MQwmd62QycPZibFEPsZbvwVNy4Ucdudf2PSZqHVAxcO59zLvfe4IWdSGcaXVlhYXFpeKa7qa+sbm1ul7Z2mDCJBoUEDHoi2SyRw5kNDMcWhHQognsuh5Q6vMr81AiFZ4N+pOATbI32f9RglKpWc0rFuychzEoYvsDm+v8EWD/q4Xokd9vjgsCNsjYAmlguKjA91XXdKZaNqTIH/EjMnZZSj7pQmVjegkQe+opxI2TGNUNkJEYpRDmPdiiSEhA5JHzop9YkH0k6mj43xQap0cS8QafkKT9WfEwnxpIw9N+30iBrIeS8T//M6keqd2wnzw0iBT2eLehHHKsBZSrjLBFDF45QQKlh6K6YDIghVaZZZCOb8y39J86RqGlXz9rRcu8zjKKI9tI8qyERnqIauUR01EEVP6AW9oXftWXvVPrTPWWtBy2d20S9ok2/ilJ3G</latexit>

argmax
~�

<latexit sha1_base64="+XtMJQ6XfX0HcULAiFa2RoeLbdM=">AAACBHicbVBNS8NAEN3Ur1q/qh57CRbBU0lE0GPRi8cK9gOaEibbSbt0Nwm7m2IJPXjxr3jxoIhXf4Q3/43bNgdtfTDweG+GmXlBwpnSjvNtFdbWNza3itulnd29/YPy4VFLxamk2KQxj2UnAIWcRdjUTHPsJBJBBBzbwehm5rfHKBWLo3s9SbAnYBCxkFHQRvLLlZIHcuAJePAzb4w08wLUMJ2WDPxy1ak5c9irxM1JleRo+OUvrx/TVGCkKQeluq6T6F4GUjPKcVryUoUJ0BEMsGtoBAJVL5s/MbVPjdK3w1iairQ9V39PZCCUmojAdArQQ7XszcT/vG6qw6texqIk1RjRxaIw5baO7Vkidp9JpJpPDAEqmbnVpkOQQLXJbRaCu/zyKmmd11yn5t5dVOvXeRxFUiEn5Iy45JLUyS1pkCah5JE8k1fyZj1ZL9a79bFoLVj5zDH5A+vzBwUKlwQ=</latexit><latexit sha1_base64="+XtMJQ6XfX0HcULAiFa2RoeLbdM=">AAACBHicbVBNS8NAEN3Ur1q/qh57CRbBU0lE0GPRi8cK9gOaEibbSbt0Nwm7m2IJPXjxr3jxoIhXf4Q3/43bNgdtfTDweG+GmXlBwpnSjvNtFdbWNza3itulnd29/YPy4VFLxamk2KQxj2UnAIWcRdjUTHPsJBJBBBzbwehm5rfHKBWLo3s9SbAnYBCxkFHQRvLLlZIHcuAJePAzb4w08wLUMJ2WDPxy1ak5c9irxM1JleRo+OUvrx/TVGCkKQeluq6T6F4GUjPKcVryUoUJ0BEMsGtoBAJVL5s/MbVPjdK3w1iairQ9V39PZCCUmojAdArQQ7XszcT/vG6qw6texqIk1RjRxaIw5baO7Vkidp9JpJpPDAEqmbnVpkOQQLXJbRaCu/zyKmmd11yn5t5dVOvXeRxFUiEn5Iy45JLUyS1pkCah5JE8k1fyZj1ZL9a79bFoLVj5zDH5A+vzBwUKlwQ=</latexit><latexit sha1_base64="+XtMJQ6XfX0HcULAiFa2RoeLbdM=">AAACBHicbVBNS8NAEN3Ur1q/qh57CRbBU0lE0GPRi8cK9gOaEibbSbt0Nwm7m2IJPXjxr3jxoIhXf4Q3/43bNgdtfTDweG+GmXlBwpnSjvNtFdbWNza3itulnd29/YPy4VFLxamk2KQxj2UnAIWcRdjUTHPsJBJBBBzbwehm5rfHKBWLo3s9SbAnYBCxkFHQRvLLlZIHcuAJePAzb4w08wLUMJ2WDPxy1ak5c9irxM1JleRo+OUvrx/TVGCkKQeluq6T6F4GUjPKcVryUoUJ0BEMsGtoBAJVL5s/MbVPjdK3w1iairQ9V39PZCCUmojAdArQQ7XszcT/vG6qw6texqIk1RjRxaIw5baO7Vkidp9JpJpPDAEqmbnVpkOQQLXJbRaCu/zyKmmd11yn5t5dVOvXeRxFUiEn5Iy45JLUyS1pkCah5JE8k1fyZj1ZL9a79bFoLVj5zDH5A+vzBwUKlwQ=</latexit><latexit sha1_base64="+XtMJQ6XfX0HcULAiFa2RoeLbdM=">AAACBHicbVBNS8NAEN3Ur1q/qh57CRbBU0lE0GPRi8cK9gOaEibbSbt0Nwm7m2IJPXjxr3jxoIhXf4Q3/43bNgdtfTDweG+GmXlBwpnSjvNtFdbWNza3itulnd29/YPy4VFLxamk2KQxj2UnAIWcRdjUTHPsJBJBBBzbwehm5rfHKBWLo3s9SbAnYBCxkFHQRvLLlZIHcuAJePAzb4w08wLUMJ2WDPxy1ak5c9irxM1JleRo+OUvrx/TVGCkKQeluq6T6F4GUjPKcVryUoUJ0BEMsGtoBAJVL5s/MbVPjdK3w1iairQ9V39PZCCUmojAdArQQ7XszcT/vG6qw6texqIk1RjRxaIw5baO7Vkidp9JpJpPDAEqmbnVpkOQQLXJbRaCu/zyKmmd11yn5t5dVOvXeRxFUiEn5Iy45JLUyS1pkCah5JE8k1fyZj1ZL9a79bFoLVj5zDH5A+vzBwUKlwQ=</latexit>

… “under certain assumptions any learning algorithm that minimizes the squared error between the output hypothesis pre- 
dictions and the training data will output a maximum likelihood hypothesis.” — T. Mitchell Machine Learning [1st Ed.], 1997.

https://amzn.to/2jWd51p
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Simple linear regression



Gradient Descent {ordinary 
least squares}

Let θ0 and θ1 be your linear model (parameters, previously we called them β0,  β1) 

(θ)

J(θ)

Jmin(θ)

θ

Global cost/loss minima



What to takeaway!

E(Y |x) = β0 + β1x

The structural model 
under ly ing a l inear 
regression analysis is 
that the explanatory (x) 
and outcome variables 
(y) are linearly related 
such that the population 
mean of the outcome for 
any x value is β0 + β1x.

Expected value of the 
dependent variable (Y) 
given x, ie, at x.



➡ Explanatory (independent) and Response (dependent) 
Variables are Numeric.


➡ Relationship between the mean of the response variable 
and the values of the explanatory variable assumed to be 
approximately linear (straight line)

23

What to takeaway!



Agenda

➡ Motivation 

➡ Linear Regression Models


๏ Estimation


๏ Evaluation


➡ Tutorial (1) — you will be provided with further exercise 
later on.
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Evaluating LR model
Total LR square 

error

How much (what %) of the variation in y (orange and 
green) is NOT explained by the variation in x (as in 
LR model)? — green left out (ie, unexplained by the model). 
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Coefficient of Determination 

26

Coefficient of 
Determination [0,1]

SSyy

the higher, the best



Coefficient of Determination 
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The better the linear regression (on the right) fits the data in comparison to the simple average (on the left graph), the 
closer the value of is to 1. The areas of the blue squares represent the squared residuals with respect to the linear 
regression. The areas of the red squares represent the squared residuals with respect to the average value (mean of 
observations). — From Wikipedia on Coefficient of determination.



Exercise!

What is the Adjusted R2 — explore and apply on tasks 
B2 of the Tutorial. 



Residual Plots

Excerpt from Faraway's Linear Models with R (2005, p. 59)from yellowbrick.regressor import ResidualsPlot



Choosing independent 
variables - Predictors!

Correlation Matrix

Multicollinearity

30



Ridge and Lasso

‘Least absolute 
shrinkage and 

selection operator’

Weight Decay 
method

L2 Regularisation L1 Regularisation

Added constraint: 
minimise β1, β2, …, βn

Ie, minimise SSE 
with slopes close 

to zero.

Added constraint: 
minimise β1, β2, …, βn

Ie, minimise SSE 
with slopes close 
or equal to zero.31



excerpt from “The Elements of Statistical Learning - Data Mining, Inference and Prediction - 2nd Edition. PP. 71

Ridge and Lasso



Ridge Regression

β1, β2, …, βn

default

33



Lasso Regression
default
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Source: Coursera online course on LR by Andrew NG

For Classification: Don’t you ever consider! — wait until we get to log regression)
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Reading

➡ See recommended reading provided in BB - Linear 
Regression Folder


➡ J Grus, Data Science from Scratch, ch. 14 and 15, 
pp.173 —188.
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Tutorial

➡ See Tutorial Tasks Document
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