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Decision Trees

• Simple (or maybe the simplest), yet can be 
powerful, or amongst most powerful learners, for 
classification (mainly) and regression problems. 
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Decision Trees

๏ A very popular model for both regression and 
classification tasks — regardless of linearity (huh!)


๏ Non-parametric.
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Decision Trees

๏ Random Forests (a variant - later on in the lecture) is 
one of the most used models for predictive analytics 
in practice - because they’re good ;) 
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Decision Trees

๏ Decision Trees (simplified) is the task of learning a hierarchy of 
if/else questions, leading to a decision (leaf). 

Image credit: www.packtpub.com



DT for Classification

X1

X 2

➡ Data: 
((xi1,xi2), yi), i =1, 2, …,n 

➡ Task: 
E (Y: colour | X: x1,x2) 
such that error is minimised at each 
Leaf.  
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DT for Classification - Supervised Learning



DT for Classification

X1

X 2

X1 > 3

X1=3

(27, 0)

No Yes

๏ Depth = 1


๏ Decision Attribute: X1
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DT for Classification

X1

X 2X1 > 3

X1=3

(27, 0)

No Yes

X1 > 5.3

X1= 5.3

๏ Depth = 2


๏ Decision Attribute: X1
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DT for Classification

X1

X 2X1 > 3

X1=3

(27, 0)

No Yes

X1 > 5.3
X2 = 4

X1= 5.3

X2 > 4

(0, 9)

No Yes

(12, 0)

๏ Depth = 3


๏ Decision Attribute: X2
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DT for Classification

X1
X 2X1 > 3

X1=3

(27, 0)

No Yes

X1 > 5.3
X2 = 4

X1= 5.3

X2 > 4

(0, 9)

No Yes

(12, 0)

X2 = 3.5

X2 > 3.5

(7, 0)

No Yes

(1, 20)

๏ Depth = 3


๏ Decision Attribute: X2
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‘two_moons’ toy dataset
‣Sklearn dataset, two half moon shapes of a sample (default n =100). Labeled (50%, 50%)


‣Task: classify a shape (0: not moon, 1:moon)


>> from sklearn.datasets import make_moons


>> moons =make_moons(n_samples=150, random_state=0)

credit: A Muller, mglearn

X[
1]

X[0] 12

http://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_moons.html#sklearn.datasets.make_moons
http://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_moons.html#sklearn.datasets.make_moons


‘two_moons’ toy dataset

credit: A Muller, mglearn
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1]

X[0]

‣Sklearn dataset, two half moon shapes of a sample (default n =100). 
Labeled (50%, 50%)


‣Task: classify a shape (0: not moon, 1:moon)

>> from sklearn.datasets import make_moons


>> moons =make_moons(n_samples=150, random_state=0)
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Top-down Induction of 
decision trees

The widely used technique is a top-down, greedy search approach: 

1. Choose the best feature x* for the root of the tree.  
2. Separate training set S into subsets {S1, S2, .., Sk} where each 

subset Si contains examples having the same value for x*. 

3. Recursively apply the algorithm on each new subset until all 
examples have the same class label. 
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Choosing (decision) 
Features 

• ID3 (Iterative Dichotomiser 3) and C4.5 by Ross Quinlan 
(1986) based on Information Gain. 


• CART by Leo Breiman: Gini Impurity — measure of the 
heterogeneoity (or "impurity") of the nodes. If all data 
points at one node belong to the same class then this 
node is considered "pure". So by minimising the Gini 
Impurity the decision tree finds the features they separate 
the data best. 
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Impurity Function(s)



Gini Impurity 

IG(p) =
kX

i=1

pi(1� pi)
<latexit sha1_base64="74wHx2L2BeN4zUzQz2j5R2+sZhE=">AAACEHicbZBNS8MwGMdTX+d8q3r0EhzidnC0IuhlMPSg3ia4F9hqSbN0C0vakqTCKP0IXvwqXjwo4tWjN7+N6daDbj4Q8uP/fx6S5+9FjEplWd/GwuLS8spqYa24vrG5tW3u7LZkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y0uM7/9QISkYXCnxhFxOBoE1KcYKS255tGNm1yl5ahSgz0ZczehNTu9H8FIU1q2j7O7ksKia5asqjUpOA92DiWQV8M1v3r9EMecBAozJGXXtiLlJEgoihlJi71YkgjhERqQrsYAcSKdZLJQCg+10od+KPQJFJyovycSxKUcc093cqSGctbLxP+8bqz8cyehQRQrEuDpQ37MoAphlg7sU0GwYmMNCAuq/wrxEAmElc4wC8GeXXkeWidV26rat6el+kUeRwHsgwNQBjY4A3VwDRqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/wp4/MH52ibNw==</latexit><latexit sha1_base64="74wHx2L2BeN4zUzQz2j5R2+sZhE=">AAACEHicbZBNS8MwGMdTX+d8q3r0EhzidnC0IuhlMPSg3ia4F9hqSbN0C0vakqTCKP0IXvwqXjwo4tWjN7+N6daDbj4Q8uP/fx6S5+9FjEplWd/GwuLS8spqYa24vrG5tW3u7LZkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y0uM7/9QISkYXCnxhFxOBoE1KcYKS255tGNm1yl5ahSgz0ZczehNTu9H8FIU1q2j7O7ksKia5asqjUpOA92DiWQV8M1v3r9EMecBAozJGXXtiLlJEgoihlJi71YkgjhERqQrsYAcSKdZLJQCg+10od+KPQJFJyovycSxKUcc093cqSGctbLxP+8bqz8cyehQRQrEuDpQ37MoAphlg7sU0GwYmMNCAuq/wrxEAmElc4wC8GeXXkeWidV26rat6el+kUeRwHsgwNQBjY4A3VwDRqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/wp4/MH52ibNw==</latexit><latexit sha1_base64="74wHx2L2BeN4zUzQz2j5R2+sZhE=">AAACEHicbZBNS8MwGMdTX+d8q3r0EhzidnC0IuhlMPSg3ia4F9hqSbN0C0vakqTCKP0IXvwqXjwo4tWjN7+N6daDbj4Q8uP/fx6S5+9FjEplWd/GwuLS8spqYa24vrG5tW3u7LZkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y0uM7/9QISkYXCnxhFxOBoE1KcYKS255tGNm1yl5ahSgz0ZczehNTu9H8FIU1q2j7O7ksKia5asqjUpOA92DiWQV8M1v3r9EMecBAozJGXXtiLlJEgoihlJi71YkgjhERqQrsYAcSKdZLJQCg+10od+KPQJFJyovycSxKUcc093cqSGctbLxP+8bqz8cyehQRQrEuDpQ37MoAphlg7sU0GwYmMNCAuq/wrxEAmElc4wC8GeXXkeWidV26rat6el+kUeRwHsgwNQBjY4A3VwDRqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/wp4/MH52ibNw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="RDmhg11T6GM1edZFm7xGjDVDFeM=">AAACBXicbZBNS8MwHMb/nW9zTq1evQRF3A6O1oteBoIH9TbBvcA2S5qlW1jSliQVRulH8OJX8eJBEb+CN7+N6baDbj4Q8uN5EpL/48ecKe0431ZhZXVtfaO4Wdoqb+/s2nvllooSSWiTRDySHR8ryllIm5ppTjuxpFj4nLb98VWetx+pVCwK7/Ukpn2BhyELGMHaWJ59cuul11klrtZRTyXCS1ndzR7GKDaUVdzTfK9mqOTZR07NmQotgzuHI5ir4dlfvUFEEkFDTThWqus6se6nWGpGOM1KvUTRGJMxHtKuwRALqvrpdKAMHRtngIJImhVqNHV/30ixUGoifHNSYD1Si1lu/pd1Ex1c9FMWxommIZk9FCQc6Qjl7aABk5RoPjGAiWTmr4iMsMREmw7zEtzFkZehdVZznZp750ARDuAQKuDCOVzCDTSgCQSe4AXe4N16tl6tj1ldBWve2z78kfX5Az1pmbw=</latexit><latexit sha1_base64="RDmhg11T6GM1edZFm7xGjDVDFeM=">AAACBXicbZBNS8MwHMb/nW9zTq1evQRF3A6O1oteBoIH9TbBvcA2S5qlW1jSliQVRulH8OJX8eJBEb+CN7+N6baDbj4Q8uN5EpL/48ecKe0431ZhZXVtfaO4Wdoqb+/s2nvllooSSWiTRDySHR8ryllIm5ppTjuxpFj4nLb98VWetx+pVCwK7/Ukpn2BhyELGMHaWJ59cuul11klrtZRTyXCS1ndzR7GKDaUVdzTfK9mqOTZR07NmQotgzuHI5ir4dlfvUFEEkFDTThWqus6se6nWGpGOM1KvUTRGJMxHtKuwRALqvrpdKAMHRtngIJImhVqNHV/30ixUGoifHNSYD1Si1lu/pd1Ex1c9FMWxommIZk9FCQc6Qjl7aABk5RoPjGAiWTmr4iMsMREmw7zEtzFkZehdVZznZp750ARDuAQKuDCOVzCDTSgCQSe4AXe4N16tl6tj1ldBWve2z78kfX5Az1pmbw=</latexit><latexit sha1_base64="vpsYSTV/WMScTPYUpOPusamyxAs=">AAACEHicbZC7TsMwFIadcivlFmBksagQ7UCVsMBSqYIB2IpEL1IbIsd1WqtOYtkOUhXlEVh4FRYGEGJlZONtcNoM0HIky5/+/xzZ5/c4o1JZ1rdRWFpeWV0rrpc2Nre2d8zdvbaMYoFJC0csEl0PScJoSFqKKka6XBAUeIx0vPFl5nceiJA0Cu/UhBMnQMOQ+hQjpSXXPL5xk6u0wqt12Jdx4Ca0bqf3Y8g1pRX7JLurKSy5ZtmqWdOCi2DnUAZ5NV3zqz+IcByQUGGGpOzZFldOgoSimJG01I8l4QiP0ZD0NIYoINJJpgul8EgrA+hHQp9Qwan6eyJBgZSTwNOdAVIjOe9l4n9eL1b+uZPQkMeKhHj2kB8zqCKYpQMHVBCs2EQDwoLqv0I8QgJhpTPMQrDnV16E9mnNtmr2rVVuXORxFMEBOAQVYIMz0ADXoAlaAINH8AxewZvxZLwY78bHrLVg5DP74E8Znz/mKJsz</latexit><latexit sha1_base64="74wHx2L2BeN4zUzQz2j5R2+sZhE=">AAACEHicbZBNS8MwGMdTX+d8q3r0EhzidnC0IuhlMPSg3ia4F9hqSbN0C0vakqTCKP0IXvwqXjwo4tWjN7+N6daDbj4Q8uP/fx6S5+9FjEplWd/GwuLS8spqYa24vrG5tW3u7LZkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y0uM7/9QISkYXCnxhFxOBoE1KcYKS255tGNm1yl5ahSgz0ZczehNTu9H8FIU1q2j7O7ksKia5asqjUpOA92DiWQV8M1v3r9EMecBAozJGXXtiLlJEgoihlJi71YkgjhERqQrsYAcSKdZLJQCg+10od+KPQJFJyovycSxKUcc093cqSGctbLxP+8bqz8cyehQRQrEuDpQ37MoAphlg7sU0GwYmMNCAuq/wrxEAmElc4wC8GeXXkeWidV26rat6el+kUeRwHsgwNQBjY4A3VwDRqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/wp4/MH52ibNw==</latexit><latexit sha1_base64="74wHx2L2BeN4zUzQz2j5R2+sZhE=">AAACEHicbZBNS8MwGMdTX+d8q3r0EhzidnC0IuhlMPSg3ia4F9hqSbN0C0vakqTCKP0IXvwqXjwo4tWjN7+N6daDbj4Q8uP/fx6S5+9FjEplWd/GwuLS8spqYa24vrG5tW3u7LZkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y0uM7/9QISkYXCnxhFxOBoE1KcYKS255tGNm1yl5ahSgz0ZczehNTu9H8FIU1q2j7O7ksKia5asqjUpOA92DiWQV8M1v3r9EMecBAozJGXXtiLlJEgoihlJi71YkgjhERqQrsYAcSKdZLJQCg+10od+KPQJFJyovycSxKUcc093cqSGctbLxP+8bqz8cyehQRQrEuDpQ37MoAphlg7sU0GwYmMNCAuq/wrxEAmElc4wC8GeXXkeWidV26rat6el+kUeRwHsgwNQBjY4A3VwDRqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/wp4/MH52ibNw==</latexit><latexit sha1_base64="74wHx2L2BeN4zUzQz2j5R2+sZhE=">AAACEHicbZBNS8MwGMdTX+d8q3r0EhzidnC0IuhlMPSg3ia4F9hqSbN0C0vakqTCKP0IXvwqXjwo4tWjN7+N6daDbj4Q8uP/fx6S5+9FjEplWd/GwuLS8spqYa24vrG5tW3u7LZkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y0uM7/9QISkYXCnxhFxOBoE1KcYKS255tGNm1yl5ahSgz0ZczehNTu9H8FIU1q2j7O7ksKia5asqjUpOA92DiWQV8M1v3r9EMecBAozJGXXtiLlJEgoihlJi71YkgjhERqQrsYAcSKdZLJQCg+10od+KPQJFJyovycSxKUcc093cqSGctbLxP+8bqz8cyehQRQrEuDpQ37MoAphlg7sU0GwYmMNCAuq/wrxEAmElc4wC8GeXXkeWidV26rat6el+kUeRwHsgwNQBjY4A3VwDRqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/wp4/MH52ibNw==</latexit><latexit sha1_base64="74wHx2L2BeN4zUzQz2j5R2+sZhE=">AAACEHicbZBNS8MwGMdTX+d8q3r0EhzidnC0IuhlMPSg3ia4F9hqSbN0C0vakqTCKP0IXvwqXjwo4tWjN7+N6daDbj4Q8uP/fx6S5+9FjEplWd/GwuLS8spqYa24vrG5tW3u7LZkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y0uM7/9QISkYXCnxhFxOBoE1KcYKS255tGNm1yl5ahSgz0ZczehNTu9H8FIU1q2j7O7ksKia5asqjUpOA92DiWQV8M1v3r9EMecBAozJGXXtiLlJEgoihlJi71YkgjhERqQrsYAcSKdZLJQCg+10od+KPQJFJyovycSxKUcc093cqSGctbLxP+8bqz8cyehQRQrEuDpQ37MoAphlg7sU0GwYmMNCAuq/wrxEAmElc4wC8GeXXkeWidV26rat6el+kUeRwHsgwNQBjY4A3VwDRqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/wp4/MH52ibNw==</latexit><latexit sha1_base64="74wHx2L2BeN4zUzQz2j5R2+sZhE=">AAACEHicbZBNS8MwGMdTX+d8q3r0EhzidnC0IuhlMPSg3ia4F9hqSbN0C0vakqTCKP0IXvwqXjwo4tWjN7+N6daDbj4Q8uP/fx6S5+9FjEplWd/GwuLS8spqYa24vrG5tW3u7LZkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y0uM7/9QISkYXCnxhFxOBoE1KcYKS255tGNm1yl5ahSgz0ZczehNTu9H8FIU1q2j7O7ksKia5asqjUpOA92DiWQV8M1v3r9EMecBAozJGXXtiLlJEgoihlJi71YkgjhERqQrsYAcSKdZLJQCg+10od+KPQJFJyovycSxKUcc093cqSGctbLxP+8bqz8cyehQRQrEuDpQ37MoAphlg7sU0GwYmMNCAuq/wrxEAmElc4wC8GeXXkeWidV26rat6el+kUeRwHsgwNQBjY4A3VwDRqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/wp4/MH52ibNw==</latexit><latexit sha1_base64="74wHx2L2BeN4zUzQz2j5R2+sZhE=">AAACEHicbZBNS8MwGMdTX+d8q3r0EhzidnC0IuhlMPSg3ia4F9hqSbN0C0vakqTCKP0IXvwqXjwo4tWjN7+N6daDbj4Q8uP/fx6S5+9FjEplWd/GwuLS8spqYa24vrG5tW3u7LZkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y0uM7/9QISkYXCnxhFxOBoE1KcYKS255tGNm1yl5ahSgz0ZczehNTu9H8FIU1q2j7O7ksKia5asqjUpOA92DiWQV8M1v3r9EMecBAozJGXXtiLlJEgoihlJi71YkgjhERqQrsYAcSKdZLJQCg+10od+KPQJFJyovycSxKUcc093cqSGctbLxP+8bqz8cyehQRQrEuDpQ37MoAphlg7sU0GwYmMNCAuq/wrxEAmElc4wC8GeXXkeWidV26rat6el+kUeRwHsgwNQBjY4A3VwDRqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/wp4/MH52ibNw==</latexit>

= 1�
kX

i=1

p2i
<latexit sha1_base64="+EM6DGaS8HwoWl6Y8Td9ahXimpM=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuLFMiqCbQtGNywr2Au10yKSZNjSTGZKMUIZZuPFV3LhQxK0P4c63MW1noa0/BD7+cw4n5/djzpR2nG+rsLa+sblV3C7t7O7tH9iHR20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JObWb3zQKVikbjX05i6IR4JFjCCtbE8u1yH6Bz2VRJ6KaujbDCBsaFskNYyz644VWcuuAoohwrI1fTsr/4wIklIhSYcK9VDTqzdFEvNCKdZqZ8oGmMywSPaMyhwSJWbzo/I4KlxhjCIpHlCw7n7eyLFoVLT0DedIdZjtVybmf/VeokOrtyUiTjRVJDFoiDhUEdwlggcMkmJ5lMDmEhm/grJGEtMtMmtZEJAyyevQrtWRU4V3V1UGtd5HEVQBifgDCBwCRrgFjRBCxDwCJ7BK3iznqwX6936WLQWrHzmGPyR9fkDCD6XFA==</latexit><latexit sha1_base64="+EM6DGaS8HwoWl6Y8Td9ahXimpM=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuLFMiqCbQtGNywr2Au10yKSZNjSTGZKMUIZZuPFV3LhQxK0P4c63MW1noa0/BD7+cw4n5/djzpR2nG+rsLa+sblV3C7t7O7tH9iHR20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JObWb3zQKVikbjX05i6IR4JFjCCtbE8u1yH6Bz2VRJ6KaujbDCBsaFskNYyz644VWcuuAoohwrI1fTsr/4wIklIhSYcK9VDTqzdFEvNCKdZqZ8oGmMywSPaMyhwSJWbzo/I4KlxhjCIpHlCw7n7eyLFoVLT0DedIdZjtVybmf/VeokOrtyUiTjRVJDFoiDhUEdwlggcMkmJ5lMDmEhm/grJGEtMtMmtZEJAyyevQrtWRU4V3V1UGtd5HEVQBifgDCBwCRrgFjRBCxDwCJ7BK3iznqwX6936WLQWrHzmGPyR9fkDCD6XFA==</latexit><latexit sha1_base64="+EM6DGaS8HwoWl6Y8Td9ahXimpM=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuLFMiqCbQtGNywr2Au10yKSZNjSTGZKMUIZZuPFV3LhQxK0P4c63MW1noa0/BD7+cw4n5/djzpR2nG+rsLa+sblV3C7t7O7tH9iHR20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JObWb3zQKVikbjX05i6IR4JFjCCtbE8u1yH6Bz2VRJ6KaujbDCBsaFskNYyz644VWcuuAoohwrI1fTsr/4wIklIhSYcK9VDTqzdFEvNCKdZqZ8oGmMywSPaMyhwSJWbzo/I4KlxhjCIpHlCw7n7eyLFoVLT0DedIdZjtVybmf/VeokOrtyUiTjRVJDFoiDhUEdwlggcMkmJ5lMDmEhm/grJGEtMtMmtZEJAyyevQrtWRU4V3V1UGtd5HEVQBifgDCBwCRrgFjRBCxDwCJ7BK3iznqwX6936WLQWrHzmGPyR9fkDCD6XFA==</latexit><latexit sha1_base64="+EM6DGaS8HwoWl6Y8Td9ahXimpM=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuLFMiqCbQtGNywr2Au10yKSZNjSTGZKMUIZZuPFV3LhQxK0P4c63MW1noa0/BD7+cw4n5/djzpR2nG+rsLa+sblV3C7t7O7tH9iHR20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JObWb3zQKVikbjX05i6IR4JFjCCtbE8u1yH6Bz2VRJ6KaujbDCBsaFskNYyz644VWcuuAoohwrI1fTsr/4wIklIhSYcK9VDTqzdFEvNCKdZqZ8oGmMywSPaMyhwSJWbzo/I4KlxhjCIpHlCw7n7eyLFoVLT0DedIdZjtVybmf/VeokOrtyUiTjRVJDFoiDhUEdwlggcMkmJ5lMDmEhm/grJGEtMtMmtZEJAyyevQrtWRU4V3V1UGtd5HEVQBifgDCBwCRrgFjRBCxDwCJ7BK3iznqwX6936WLQWrHzmGPyR9fkDCD6XFA==</latexit>

n1
<latexit sha1_base64="TbOVm4a1bj7EWv2q2BG16ZUEIEA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9yL7fd6tezZuDrBK/IFUo0Oi7X71BwrIYpWGCat31vdQEOVWGM4HTSi/TmFI2pkPsWippjDrI56dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmf5MBV8iMmFhCmeL2VsJGVFFmbDoVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AfxljZY=</latexit><latexit sha1_base64="TbOVm4a1bj7EWv2q2BG16ZUEIEA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9yL7fd6tezZuDrBK/IFUo0Oi7X71BwrIYpWGCat31vdQEOVWGM4HTSi/TmFI2pkPsWippjDrI56dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmf5MBV8iMmFhCmeL2VsJGVFFmbDoVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AfxljZY=</latexit><latexit sha1_base64="TbOVm4a1bj7EWv2q2BG16ZUEIEA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9yL7fd6tezZuDrBK/IFUo0Oi7X71BwrIYpWGCat31vdQEOVWGM4HTSi/TmFI2pkPsWippjDrI56dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmf5MBV8iMmFhCmeL2VsJGVFFmbDoVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AfxljZY=</latexit><latexit sha1_base64="TbOVm4a1bj7EWv2q2BG16ZUEIEA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9yL7fd6tezZuDrBK/IFUo0Oi7X71BwrIYpWGCat31vdQEOVWGM4HTSi/TmFI2pkPsWippjDrI56dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmf5MBV8iMmFhCmeL2VsJGVFFmbDoVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AfxljZY=</latexit>

n2
<latexit sha1_base64="bjIC+35MlRj3rmKoxI1XWIuyzrA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2pQG5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH/3pjZc=</latexit><latexit sha1_base64="bjIC+35MlRj3rmKoxI1XWIuyzrA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2pQG5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH/3pjZc=</latexit><latexit sha1_base64="bjIC+35MlRj3rmKoxI1XWIuyzrA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2pQG5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH/3pjZc=</latexit><latexit sha1_base64="bjIC+35MlRj3rmKoxI1XWIuyzrA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2pQG5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH/3pjZc=</latexit>

p1
<latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit>

p2
<latexit sha1_base64="DjS1oOAr1VR/VatzfCTqK/ymJgE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRnUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tevdXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwEEjZk=</latexit><latexit sha1_base64="DjS1oOAr1VR/VatzfCTqK/ymJgE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRnUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tevdXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwEEjZk=</latexit><latexit sha1_base64="DjS1oOAr1VR/VatzfCTqK/ymJgE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRnUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tevdXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwEEjZk=</latexit><latexit sha1_base64="DjS1oOAr1VR/VatzfCTqK/ymJgE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRnUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+tevdXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwEEjZk=</latexit>

1� p21 � p22
<latexit sha1_base64="igyuQ1owiLll+8Fe64k4sy3RSH4=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmLiBbIlJnokevGIiYAJLJtu6UJDt7tpuxqy4X948aAxXv0v3vw3FtiDgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYPQREM8ElaxluBHtIFCNRIFgnGN/M/M4jU5rH8t5MEuZFZCh5yCkxVurjauLjfr2KEr/er/vliltz50CrBOekAjmafvmrN4hpGjFpqCBad7GbGC8jynAq2LTUSzVLCB2TIetaKknEtJfNr56iM6sMUBgrW9Kgufp7IiOR1pMosJ0RMSO97M3E/7xuasIrL+MySQ2TdLEoTAUyMZpFgAZcMWrExBJCFbe3IjoiilBjgyrZEPDyy6ukXa9ht4bvLiqN6zyOIpzAKZwDhktowC00oQUUFDzDK7w5T86L8+58LFoLTj5zDH/gfP4A6pWQ0g==</latexit><latexit sha1_base64="igyuQ1owiLll+8Fe64k4sy3RSH4=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmLiBbIlJnokevGIiYAJLJtu6UJDt7tpuxqy4X948aAxXv0v3vw3FtiDgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYPQREM8ElaxluBHtIFCNRIFgnGN/M/M4jU5rH8t5MEuZFZCh5yCkxVurjauLjfr2KEr/er/vliltz50CrBOekAjmafvmrN4hpGjFpqCBad7GbGC8jynAq2LTUSzVLCB2TIetaKknEtJfNr56iM6sMUBgrW9Kgufp7IiOR1pMosJ0RMSO97M3E/7xuasIrL+MySQ2TdLEoTAUyMZpFgAZcMWrExBJCFbe3IjoiilBjgyrZEPDyy6ukXa9ht4bvLiqN6zyOIpzAKZwDhktowC00oQUUFDzDK7w5T86L8+58LFoLTj5zDH/gfP4A6pWQ0g==</latexit><latexit sha1_base64="igyuQ1owiLll+8Fe64k4sy3RSH4=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmLiBbIlJnokevGIiYAJLJtu6UJDt7tpuxqy4X948aAxXv0v3vw3FtiDgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYPQREM8ElaxluBHtIFCNRIFgnGN/M/M4jU5rH8t5MEuZFZCh5yCkxVurjauLjfr2KEr/er/vliltz50CrBOekAjmafvmrN4hpGjFpqCBad7GbGC8jynAq2LTUSzVLCB2TIetaKknEtJfNr56iM6sMUBgrW9Kgufp7IiOR1pMosJ0RMSO97M3E/7xuasIrL+MySQ2TdLEoTAUyMZpFgAZcMWrExBJCFbe3IjoiilBjgyrZEPDyy6ukXa9ht4bvLiqN6zyOIpzAKZwDhktowC00oQUUFDzDK7w5T86L8+58LFoLTj5zDH/gfP4A6pWQ0g==</latexit><latexit sha1_base64="igyuQ1owiLll+8Fe64k4sy3RSH4=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmLiBbIlJnokevGIiYAJLJtu6UJDt7tpuxqy4X948aAxXv0v3vw3FtiDgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYPQREM8ElaxluBHtIFCNRIFgnGN/M/M4jU5rH8t5MEuZFZCh5yCkxVurjauLjfr2KEr/er/vliltz50CrBOekAjmafvmrN4hpGjFpqCBad7GbGC8jynAq2LTUSzVLCB2TIetaKknEtJfNr56iM6sMUBgrW9Kgufp7IiOR1pMosJ0RMSO97M3E/7xuasIrL+MySQ2TdLEoTAUyMZpFgAZcMWrExBJCFbe3IjoiilBjgyrZEPDyy6ukXa9ht4bvLiqN6zyOIpzAKZwDhktowC00oQUUFDzDK7w5T86L8+58LFoLTj5zDH/gfP4A6pWQ0g==</latexit>

1� 02 � 12 = 0
<latexit sha1_base64="2PzmxcQRkLzaLyW+MdkIj8fxNlw=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiBdIlJnoxIXrxiImACSykW7rQ0O2ubZeEbPgdXjxojFd/jDf/jQX2oOBLJnl5byYz8/xYcG0w/nZya+sbm1v57cLO7t7+QfHwqKmjRFHWoJGI1KNPNBNcsobhRrDHWDES+oK1/NHtzG+NmdI8kg9mEjMvJAPJA06JsZLnlnG3Wna7VXSNcK9YwhU8B1olbkZKkKHeK351+hFNQiYNFUTrtotj46VEGU4FmxY6iWYxoSMyYG1LJQmZ9tL50VN0ZpU+CiJlSxo0V39PpCTUehL6tjMkZqiXvZn4n9dOTHDlpVzGiWGSLhYFiUAmQrMEUJ8rRo2YWEKo4vZWRIdEEWpsTgUbgrv88ippVisurrj3F6XaTRZHHk7gFM7BhUuowR3UoQEUnuAZXuHNGTsvzrvzsWjNOdnMMfyB8/kDHT2PtQ==</latexit><latexit sha1_base64="2PzmxcQRkLzaLyW+MdkIj8fxNlw=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiBdIlJnoxIXrxiImACSykW7rQ0O2ubZeEbPgdXjxojFd/jDf/jQX2oOBLJnl5byYz8/xYcG0w/nZya+sbm1v57cLO7t7+QfHwqKmjRFHWoJGI1KNPNBNcsobhRrDHWDES+oK1/NHtzG+NmdI8kg9mEjMvJAPJA06JsZLnlnG3Wna7VXSNcK9YwhU8B1olbkZKkKHeK351+hFNQiYNFUTrtotj46VEGU4FmxY6iWYxoSMyYG1LJQmZ9tL50VN0ZpU+CiJlSxo0V39PpCTUehL6tjMkZqiXvZn4n9dOTHDlpVzGiWGSLhYFiUAmQrMEUJ8rRo2YWEKo4vZWRIdEEWpsTgUbgrv88ippVisurrj3F6XaTRZHHk7gFM7BhUuowR3UoQEUnuAZXuHNGTsvzrvzsWjNOdnMMfyB8/kDHT2PtQ==</latexit><latexit sha1_base64="2PzmxcQRkLzaLyW+MdkIj8fxNlw=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiBdIlJnoxIXrxiImACSykW7rQ0O2ubZeEbPgdXjxojFd/jDf/jQX2oOBLJnl5byYz8/xYcG0w/nZya+sbm1v57cLO7t7+QfHwqKmjRFHWoJGI1KNPNBNcsobhRrDHWDES+oK1/NHtzG+NmdI8kg9mEjMvJAPJA06JsZLnlnG3Wna7VXSNcK9YwhU8B1olbkZKkKHeK351+hFNQiYNFUTrtotj46VEGU4FmxY6iWYxoSMyYG1LJQmZ9tL50VN0ZpU+CiJlSxo0V39PpCTUehL6tjMkZqiXvZn4n9dOTHDlpVzGiWGSLhYFiUAmQrMEUJ8rRo2YWEKo4vZWRIdEEWpsTgUbgrv88ippVisurrj3F6XaTRZHHk7gFM7BhUuowR3UoQEUnuAZXuHNGTsvzrvzsWjNOdnMMfyB8/kDHT2PtQ==</latexit><latexit sha1_base64="2PzmxcQRkLzaLyW+MdkIj8fxNlw=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiBdIlJnoxIXrxiImACSykW7rQ0O2ubZeEbPgdXjxojFd/jDf/jQX2oOBLJnl5byYz8/xYcG0w/nZya+sbm1v57cLO7t7+QfHwqKmjRFHWoJGI1KNPNBNcsobhRrDHWDES+oK1/NHtzG+NmdI8kg9mEjMvJAPJA06JsZLnlnG3Wna7VXSNcK9YwhU8B1olbkZKkKHeK351+hFNQiYNFUTrtotj46VEGU4FmxY6iWYxoSMyYG1LJQmZ9tL50VN0ZpU+CiJlSxo0V39PpCTUehL6tjMkZqiXvZn4n9dOTHDlpVzGiWGSLhYFiUAmQrMEUJ8rRo2YWEKo4vZWRIdEEWpsTgUbgrv88ippVisurrj3F6XaTRZHHk7gFM7BhUuowR3UoQEUnuAZXuHNGTsvzrvzsWjNOdnMMfyB8/kDHT2PtQ==</latexit>

1� 0.32 � 0.72 = 0.42
<latexit sha1_base64="5MiiZhSzPQz5AU2quc//Oqsk09k=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCG4fMWKgboejGZQX7gHZaMmmmDc1khiQj1FL8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTlBwpnSCH1buZXVtfWN/GZha3tnd8/eP6irOJWE1kjMY9kMsKKcCVrTTHPaTCTFUcBpIxjeTP3GA5WKxeJejxLqR7gvWMgI1kbq2kfuOXIuOp7p5Y4HryBySl7XLiIHzQCXiZuRIshQ7dpf7V5M0ogKTThWquWiRPtjLDUjnE4K7VTRBJMh7tOWoQJHVPnj2fUTeGqUHgxjaUpoOFN/b4xxpNQoCsxkhPVALXpT8T+vlerw0h8zkaSaCjJ/KEw51DGcRgF7TFKi+cgQTCQzt0IywBITbQIrmBDcxS8vk7rnuMhx70rFynUWRx4cgxNwBlxQBhVwC6qgBgh4BM/gFbxZT9aL9W59zEdzVrZzCP7A+vwBugiRhQ==</latexit><latexit sha1_base64="5MiiZhSzPQz5AU2quc//Oqsk09k=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCG4fMWKgboejGZQX7gHZaMmmmDc1khiQj1FL8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTlBwpnSCH1buZXVtfWN/GZha3tnd8/eP6irOJWE1kjMY9kMsKKcCVrTTHPaTCTFUcBpIxjeTP3GA5WKxeJejxLqR7gvWMgI1kbq2kfuOXIuOp7p5Y4HryBySl7XLiIHzQCXiZuRIshQ7dpf7V5M0ogKTThWquWiRPtjLDUjnE4K7VTRBJMh7tOWoQJHVPnj2fUTeGqUHgxjaUpoOFN/b4xxpNQoCsxkhPVALXpT8T+vlerw0h8zkaSaCjJ/KEw51DGcRgF7TFKi+cgQTCQzt0IywBITbQIrmBDcxS8vk7rnuMhx70rFynUWRx4cgxNwBlxQBhVwC6qgBgh4BM/gFbxZT9aL9W59zEdzVrZzCP7A+vwBugiRhQ==</latexit><latexit sha1_base64="5MiiZhSzPQz5AU2quc//Oqsk09k=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCG4fMWKgboejGZQX7gHZaMmmmDc1khiQj1FL8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTlBwpnSCH1buZXVtfWN/GZha3tnd8/eP6irOJWE1kjMY9kMsKKcCVrTTHPaTCTFUcBpIxjeTP3GA5WKxeJejxLqR7gvWMgI1kbq2kfuOXIuOp7p5Y4HryBySl7XLiIHzQCXiZuRIshQ7dpf7V5M0ogKTThWquWiRPtjLDUjnE4K7VTRBJMh7tOWoQJHVPnj2fUTeGqUHgxjaUpoOFN/b4xxpNQoCsxkhPVALXpT8T+vlerw0h8zkaSaCjJ/KEw51DGcRgF7TFKi+cgQTCQzt0IywBITbQIrmBDcxS8vk7rnuMhx70rFynUWRx4cgxNwBlxQBhVwC6qgBgh4BM/gFbxZT9aL9W59zEdzVrZzCP7A+vwBugiRhQ==</latexit><latexit sha1_base64="5MiiZhSzPQz5AU2quc//Oqsk09k=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCG4fMWKgboejGZQX7gHZaMmmmDc1khiQj1FL8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTlBwpnSCH1buZXVtfWN/GZha3tnd8/eP6irOJWE1kjMY9kMsKKcCVrTTHPaTCTFUcBpIxjeTP3GA5WKxeJejxLqR7gvWMgI1kbq2kfuOXIuOp7p5Y4HryBySl7XLiIHzQCXiZuRIshQ7dpf7V5M0ogKTThWquWiRPtjLDUjnE4K7VTRBJMh7tOWoQJHVPnj2fUTeGqUHgxjaUpoOFN/b4xxpNQoCsxkhPVALXpT8T+vlerw0h8zkaSaCjJ/KEw51DGcRgF7TFKi+cgQTCQzt0IywBITbQIrmBDcxS8vk7rnuMhx70rFynUWRx4cgxNwBlxQBhVwC6qgBgh4BM/gFbxZT9aL9W59zEdzVrZzCP7A+vwBugiRhQ==</latexit>

1� 0.52 � 0.52 = 0.5
<latexit sha1_base64="gB+PRTHQ659g1bruFEOsR8/6f+o=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCG4eZouhGKLpxWcE+oB1LJs20oZnMkGSEodRfceNCEbd+iDv/xrSdhbYeSO7hnHvJzQkSzpR23W+rsLK6tr5R3Cxtbe/s7tn7B00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBaObqd96pFKxWNzrLKF+hAeChYxgbaSeXfZOXef8oTq/0RUytWdXXMedAS0TLycVyFHv2V/dfkzSiApNOFaq47mJ9sdYakY4nZS6qaIJJiM8oB1DBY6o8sez5Sfo2Ch9FMbSHKHRTP09McaRUlkUmM4I66Fa9Kbif14n1eGlP2YiSTUVZP5QmHKkYzRNAvWZpETzzBBMJDO7IjLEEhNt8iqZELzFLy+TZtXxXMe7O6vUrvM4inAIR3ACHlxADW6hDg0gkMEzvMKb9WS9WO/Wx7y1YOUzZfgD6/MHRsmRSg==</latexit><latexit sha1_base64="gB+PRTHQ659g1bruFEOsR8/6f+o=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCG4eZouhGKLpxWcE+oB1LJs20oZnMkGSEodRfceNCEbd+iDv/xrSdhbYeSO7hnHvJzQkSzpR23W+rsLK6tr5R3Cxtbe/s7tn7B00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBaObqd96pFKxWNzrLKF+hAeChYxgbaSeXfZOXef8oTq/0RUytWdXXMedAS0TLycVyFHv2V/dfkzSiApNOFaq47mJ9sdYakY4nZS6qaIJJiM8oB1DBY6o8sez5Sfo2Ch9FMbSHKHRTP09McaRUlkUmM4I66Fa9Kbif14n1eGlP2YiSTUVZP5QmHKkYzRNAvWZpETzzBBMJDO7IjLEEhNt8iqZELzFLy+TZtXxXMe7O6vUrvM4inAIR3ACHlxADW6hDg0gkMEzvMKb9WS9WO/Wx7y1YOUzZfgD6/MHRsmRSg==</latexit><latexit sha1_base64="gB+PRTHQ659g1bruFEOsR8/6f+o=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCG4eZouhGKLpxWcE+oB1LJs20oZnMkGSEodRfceNCEbd+iDv/xrSdhbYeSO7hnHvJzQkSzpR23W+rsLK6tr5R3Cxtbe/s7tn7B00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBaObqd96pFKxWNzrLKF+hAeChYxgbaSeXfZOXef8oTq/0RUytWdXXMedAS0TLycVyFHv2V/dfkzSiApNOFaq47mJ9sdYakY4nZS6qaIJJiM8oB1DBY6o8sez5Sfo2Ch9FMbSHKHRTP09McaRUlkUmM4I66Fa9Kbif14n1eGlP2YiSTUVZP5QmHKkYzRNAvWZpETzzBBMJDO7IjLEEhNt8iqZELzFLy+TZtXxXMe7O6vUrvM4inAIR3ACHlxADW6hDg0gkMEzvMKb9WS9WO/Wx7y1YOUzZfgD6/MHRsmRSg==</latexit><latexit sha1_base64="gB+PRTHQ659g1bruFEOsR8/6f+o=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCG4eZouhGKLpxWcE+oB1LJs20oZnMkGSEodRfceNCEbd+iDv/xrSdhbYeSO7hnHvJzQkSzpR23W+rsLK6tr5R3Cxtbe/s7tn7B00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBaObqd96pFKxWNzrLKF+hAeChYxgbaSeXfZOXef8oTq/0RUytWdXXMedAS0TLycVyFHv2V/dfkzSiApNOFaq47mJ9sdYakY4nZS6qaIJJiM8oB1DBY6o8sez5Sfo2Ch9FMbSHKHRTP09McaRUlkUmM4I66Fa9Kbif14n1eGlP2YiSTUVZP5QmHKkYzRNAvWZpETzzBBMJDO7IjLEEhNt8iqZELzFLy+TZtXxXMe7O6vUrvM4inAIR3ACHlxADW6hDg0gkMEzvMKb9WS9WO/Wx7y1YOUzZfgD6/MHRsmRSg==</latexit>

Count Probability Gini Impurity

Feature A 0 10 0 1
−

Feature B 3 7 0.3 0.7

Feature C 5 5 0.5 0.5

Let k be the given classes in a dataset,
<latexit sha1_base64="7XvLfMDZSdbsJMaJuU7TXpY99mU=">AAACFHicbVC7SgNBFJ31GeNr1dLmYhQEJezaaBm0sbCIYKIQlzA7uUmGzM4uM3eFEPIRNv6KjYUithZ2/o2TR+HrwMDhnPuYe+JMSUtB8OnNzM7NLywWlorLK6tr6/7GZt2muRFYE6lKzU3MLSqpsUaSFN5kBnkSK7yOe2cj//oOjZWpvqJ+hlHCO1q2peDkpKZ/cIEEu71diBGoi9CRd6hBKG4tWpAaOLQ4uQV0CE2/FJSDMeAvCaekxKaoNv2P21Yq8gQ1jSc2wiCjaMANSaFwWLzNLWZc9HgHG45qnqCNBuOjhrDnlBa0U+OeJhir3zsGPLG2n8SuMuHUtb+9kfif18ipfRINpM5yQi0mi9q5AkphlBC0pEFBqu8IF0a6v4LocsMFuRyLLoTw98l/Sf2oHAbl8PKoVDmdxlFg22yH7bOQHbMKO2dVVmOC3bNH9sxevAfvyXv13ialM960Z4v9gPf+BZkunKg=</latexit><latexit sha1_base64="7XvLfMDZSdbsJMaJuU7TXpY99mU=">AAACFHicbVC7SgNBFJ31GeNr1dLmYhQEJezaaBm0sbCIYKIQlzA7uUmGzM4uM3eFEPIRNv6KjYUithZ2/o2TR+HrwMDhnPuYe+JMSUtB8OnNzM7NLywWlorLK6tr6/7GZt2muRFYE6lKzU3MLSqpsUaSFN5kBnkSK7yOe2cj//oOjZWpvqJ+hlHCO1q2peDkpKZ/cIEEu71diBGoi9CRd6hBKG4tWpAaOLQ4uQV0CE2/FJSDMeAvCaekxKaoNv2P21Yq8gQ1jSc2wiCjaMANSaFwWLzNLWZc9HgHG45qnqCNBuOjhrDnlBa0U+OeJhir3zsGPLG2n8SuMuHUtb+9kfif18ipfRINpM5yQi0mi9q5AkphlBC0pEFBqu8IF0a6v4LocsMFuRyLLoTw98l/Sf2oHAbl8PKoVDmdxlFg22yH7bOQHbMKO2dVVmOC3bNH9sxevAfvyXv13ialM960Z4v9gPf+BZkunKg=</latexit><latexit sha1_base64="7XvLfMDZSdbsJMaJuU7TXpY99mU=">AAACFHicbVC7SgNBFJ31GeNr1dLmYhQEJezaaBm0sbCIYKIQlzA7uUmGzM4uM3eFEPIRNv6KjYUithZ2/o2TR+HrwMDhnPuYe+JMSUtB8OnNzM7NLywWlorLK6tr6/7GZt2muRFYE6lKzU3MLSqpsUaSFN5kBnkSK7yOe2cj//oOjZWpvqJ+hlHCO1q2peDkpKZ/cIEEu71diBGoi9CRd6hBKG4tWpAaOLQ4uQV0CE2/FJSDMeAvCaekxKaoNv2P21Yq8gQ1jSc2wiCjaMANSaFwWLzNLWZc9HgHG45qnqCNBuOjhrDnlBa0U+OeJhir3zsGPLG2n8SuMuHUtb+9kfif18ipfRINpM5yQi0mi9q5AkphlBC0pEFBqu8IF0a6v4LocsMFuRyLLoTw98l/Sf2oHAbl8PKoVDmdxlFg22yH7bOQHbMKO2dVVmOC3bNH9sxevAfvyXv13ialM960Z4v9gPf+BZkunKg=</latexit><latexit sha1_base64="7XvLfMDZSdbsJMaJuU7TXpY99mU=">AAACFHicbVC7SgNBFJ31GeNr1dLmYhQEJezaaBm0sbCIYKIQlzA7uUmGzM4uM3eFEPIRNv6KjYUithZ2/o2TR+HrwMDhnPuYe+JMSUtB8OnNzM7NLywWlorLK6tr6/7GZt2muRFYE6lKzU3MLSqpsUaSFN5kBnkSK7yOe2cj//oOjZWpvqJ+hlHCO1q2peDkpKZ/cIEEu71diBGoi9CRd6hBKG4tWpAaOLQ4uQV0CE2/FJSDMeAvCaekxKaoNv2P21Yq8gQ1jSc2wiCjaMANSaFwWLzNLWZc9HgHG45qnqCNBuOjhrDnlBa0U+OeJhir3zsGPLG2n8SuMuHUtb+9kfif18ipfRINpM5yQi0mi9q5AkphlBC0pEFBqu8IF0a6v4LocsMFuRyLLoTw98l/Sf2oHAbl8PKoVDmdxlFg22yH7bOQHbMKO2dVVmOC3bNH9sxevAfvyXv13ialM960Z4v9gPf+BZkunKg=</latexit>

CART1



J.R. Quinlan, Induction of Decision Trees, Machine Learning 1: 81—106, 1986. 
Available: http://hunch.net/~coms-4771/quinlan.pdf
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Entropy ID32



Entropy of random variable X

Entropy is applied as a term of the 
heterogeneity of a split/sample; If the sample 
is completely homogeneous the entropy is 
zero and if the sample is equally divided  it has 
entropy of one.

22



Mutual Information
The mutual information measure of two random variables X 
and Y is defined as: 

the amount of information we learn about Y by knowing the value of X 
(and vice versa – it is symmetric).

Information Gain (IG)   =

23

I(X,Y ) = H(Y )�H(Y |X)
<latexit sha1_base64="rbS4/J8SMo/2nRaJD+HCnDlQ0RM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARWtCSiKAboeim7irYNtKGMplO2qGTSZiZCCXtwl9x40IRt/6GO//GSZuFth4Y7uGce7l3jhcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC4XhIEkY5aSiqGHEiQVDgMdLyhjep33okQtKQ36tRRNwA9Tn1KUZKS13z4LbknDyU4RWslXQ5TcvYKXfNolWxpoCLxM5IEWSod82vTi/EcUC4wgxJ2batSLkJEopiRiaFTixJhPAQ9UlbU44CIt1kev8EHmulB/1Q6McVnKq/JxIUSDkKPN0ZIDWQ814q/ue1Y+VfugnlUawIx7NFfsygCmEaBuxRQbBiI00QFlTfCvEACYSVjqygQ7Dnv7xImmcV26rYd+fF6nUWRx4cgiNQAja4AFVQA3XQABiMwTN4BW/Gk/FivBsfs9ackc3sgz8wPn8AnzWSoA==</latexit><latexit sha1_base64="rbS4/J8SMo/2nRaJD+HCnDlQ0RM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARWtCSiKAboeim7irYNtKGMplO2qGTSZiZCCXtwl9x40IRt/6GO//GSZuFth4Y7uGce7l3jhcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC4XhIEkY5aSiqGHEiQVDgMdLyhjep33okQtKQ36tRRNwA9Tn1KUZKS13z4LbknDyU4RWslXQ5TcvYKXfNolWxpoCLxM5IEWSod82vTi/EcUC4wgxJ2batSLkJEopiRiaFTixJhPAQ9UlbU44CIt1kev8EHmulB/1Q6McVnKq/JxIUSDkKPN0ZIDWQ814q/ue1Y+VfugnlUawIx7NFfsygCmEaBuxRQbBiI00QFlTfCvEACYSVjqygQ7Dnv7xImmcV26rYd+fF6nUWRx4cgiNQAja4AFVQA3XQABiMwTN4BW/Gk/FivBsfs9ackc3sgz8wPn8AnzWSoA==</latexit><latexit sha1_base64="rbS4/J8SMo/2nRaJD+HCnDlQ0RM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARWtCSiKAboeim7irYNtKGMplO2qGTSZiZCCXtwl9x40IRt/6GO//GSZuFth4Y7uGce7l3jhcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC4XhIEkY5aSiqGHEiQVDgMdLyhjep33okQtKQ36tRRNwA9Tn1KUZKS13z4LbknDyU4RWslXQ5TcvYKXfNolWxpoCLxM5IEWSod82vTi/EcUC4wgxJ2batSLkJEopiRiaFTixJhPAQ9UlbU44CIt1kev8EHmulB/1Q6McVnKq/JxIUSDkKPN0ZIDWQ814q/ue1Y+VfugnlUawIx7NFfsygCmEaBuxRQbBiI00QFlTfCvEACYSVjqygQ7Dnv7xImmcV26rYd+fF6nUWRx4cgiNQAja4AFVQA3XQABiMwTN4BW/Gk/FivBsfs9ackc3sgz8wPn8AnzWSoA==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="2ONh+UbA0HD9f1bVwynsdHZTYFU=">AAAB9HicbVBNSwMxEJ2tX7VWXT148RIsQgtadr3oRRC81FsF+yHtUrJptg3NZpckK5RtD/4VLx4U8bd489+YbXvQ1gfDPN6bIZPnx5wp7TjfVm5tfWNzK79d2Cnu7u3bB8WmihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzRbea3nqhULBIPehxTL8QDwQJGsDZSzz66K7fPHivoGtXKpp1nbdKu9OySU3VmQKvEXZASLFDv2V/dfkSSkApNOFaq4zqx9lIsNSOcTgvdRNEYkxEe0I6hAodUeens/ik6NUofBZE0JTSaqb83UhwqNQ59MxliPVTLXib+53USHVx5KRNxoqkg84eChCMdoSwM1GeSEs3HhmAimbkVkSGWmGgTWcGE4C5/eZU0L6quU3XvHcjDMZxAGVy4hBuoQR0aQGACL/AG79az9Wp9zOPKWYvcDuEPrM8fUKWRNg==</latexit><latexit sha1_base64="2ONh+UbA0HD9f1bVwynsdHZTYFU=">AAAB9HicbVBNSwMxEJ2tX7VWXT148RIsQgtadr3oRRC81FsF+yHtUrJptg3NZpckK5RtD/4VLx4U8bd489+YbXvQ1gfDPN6bIZPnx5wp7TjfVm5tfWNzK79d2Cnu7u3bB8WmihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzRbea3nqhULBIPehxTL8QDwQJGsDZSzz66K7fPHivoGtXKpp1nbdKu9OySU3VmQKvEXZASLFDv2V/dfkSSkApNOFaq4zqx9lIsNSOcTgvdRNEYkxEe0I6hAodUeens/ik6NUofBZE0JTSaqb83UhwqNQ59MxliPVTLXib+53USHVx5KRNxoqkg84eChCMdoSwM1GeSEs3HhmAimbkVkSGWmGgTWcGE4C5/eZU0L6quU3XvHcjDMZxAGVy4hBuoQR0aQGACL/AG79az9Wp9zOPKWYvcDuEPrM8fUKWRNg==</latexit><latexit sha1_base64="DnpAeS/kZ3JqaQ16/fA5md55sYg=">AAAB/3icbVC7SgNBFL0bXzG+VgUbm8EgJKBh10YbIWgTuwgmWUmWMDuZJENmH8zMCmGTwl+xsVDE1t+w82+cTbbQ6IHhHs65l3vneBFnUlnWl5FbWl5ZXcuvFzY2t7Z3zN29pgxjQWiDhDwUjocl5SygDcUUp04kKPY9Tlve6Dr1Ww9USBYGd2ocUdfHg4D1GcFKS13z4KbknNyX0SWqlXQ5TcvEKXfNolWxZkB/iZ2RImSod83PTi8ksU8DRTiWsm1bkXITLBQjnE4LnVjSCJMRHtC2pgH2qXST2f1TdKyVHuqHQr9AoZn6cyLBvpRj39OdPlZDueil4n9eO1b9CzdhQRQrGpD5on7MkQpRGgbqMUGJ4mNNMBFM34rIEAtMlI6soEOwF7/8lzTPKrZVsW+tYvUqiyMPh3AEJbDhHKpQgzo0gMAEnuAFXo1H49l4M97nrTkjm9mHXzA+vgGd9ZKc</latexit><latexit sha1_base64="rbS4/J8SMo/2nRaJD+HCnDlQ0RM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARWtCSiKAboeim7irYNtKGMplO2qGTSZiZCCXtwl9x40IRt/6GO//GSZuFth4Y7uGce7l3jhcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC4XhIEkY5aSiqGHEiQVDgMdLyhjep33okQtKQ36tRRNwA9Tn1KUZKS13z4LbknDyU4RWslXQ5TcvYKXfNolWxpoCLxM5IEWSod82vTi/EcUC4wgxJ2batSLkJEopiRiaFTixJhPAQ9UlbU44CIt1kev8EHmulB/1Q6McVnKq/JxIUSDkKPN0ZIDWQ814q/ue1Y+VfugnlUawIx7NFfsygCmEaBuxRQbBiI00QFlTfCvEACYSVjqygQ7Dnv7xImmcV26rYd+fF6nUWRx4cgiNQAja4AFVQA3XQABiMwTN4BW/Gk/FivBsfs9ackc3sgz8wPn8AnzWSoA==</latexit><latexit sha1_base64="rbS4/J8SMo/2nRaJD+HCnDlQ0RM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARWtCSiKAboeim7irYNtKGMplO2qGTSZiZCCXtwl9x40IRt/6GO//GSZuFth4Y7uGce7l3jhcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC4XhIEkY5aSiqGHEiQVDgMdLyhjep33okQtKQ36tRRNwA9Tn1KUZKS13z4LbknDyU4RWslXQ5TcvYKXfNolWxpoCLxM5IEWSod82vTi/EcUC4wgxJ2batSLkJEopiRiaFTixJhPAQ9UlbU44CIt1kev8EHmulB/1Q6McVnKq/JxIUSDkKPN0ZIDWQ814q/ue1Y+VfugnlUawIx7NFfsygCmEaBuxRQbBiI00QFlTfCvEACYSVjqygQ7Dnv7xImmcV26rYd+fF6nUWRx4cgiNQAja4AFVQA3XQABiMwTN4BW/Gk/FivBsfs9ackc3sgz8wPn8AnzWSoA==</latexit><latexit sha1_base64="rbS4/J8SMo/2nRaJD+HCnDlQ0RM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARWtCSiKAboeim7irYNtKGMplO2qGTSZiZCCXtwl9x40IRt/6GO//GSZuFth4Y7uGce7l3jhcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC4XhIEkY5aSiqGHEiQVDgMdLyhjep33okQtKQ36tRRNwA9Tn1KUZKS13z4LbknDyU4RWslXQ5TcvYKXfNolWxpoCLxM5IEWSod82vTi/EcUC4wgxJ2batSLkJEopiRiaFTixJhPAQ9UlbU44CIt1kev8EHmulB/1Q6McVnKq/JxIUSDkKPN0ZIDWQ814q/ue1Y+VfugnlUawIx7NFfsygCmEaBuxRQbBiI00QFlTfCvEACYSVjqygQ7Dnv7xImmcV26rYd+fF6nUWRx4cgiNQAja4AFVQA3XQABiMwTN4BW/Gk/FivBsfs9ackc3sgz8wPn8AnzWSoA==</latexit><latexit sha1_base64="rbS4/J8SMo/2nRaJD+HCnDlQ0RM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARWtCSiKAboeim7irYNtKGMplO2qGTSZiZCCXtwl9x40IRt/6GO//GSZuFth4Y7uGce7l3jhcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC4XhIEkY5aSiqGHEiQVDgMdLyhjep33okQtKQ36tRRNwA9Tn1KUZKS13z4LbknDyU4RWslXQ5TcvYKXfNolWxpoCLxM5IEWSod82vTi/EcUC4wgxJ2batSLkJEopiRiaFTixJhPAQ9UlbU44CIt1kev8EHmulB/1Q6McVnKq/JxIUSDkKPN0ZIDWQ814q/ue1Y+VfugnlUawIx7NFfsygCmEaBuxRQbBiI00QFlTfCvEACYSVjqygQ7Dnv7xImmcV26rYd+fF6nUWRx4cgiNQAja4AFVQA3XQABiMwTN4BW/Gk/FivBsfs9ackc3sgz8wPn8AnzWSoA==</latexit><latexit sha1_base64="rbS4/J8SMo/2nRaJD+HCnDlQ0RM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARWtCSiKAboeim7irYNtKGMplO2qGTSZiZCCXtwl9x40IRt/6GO//GSZuFth4Y7uGce7l3jhcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC4XhIEkY5aSiqGHEiQVDgMdLyhjep33okQtKQ36tRRNwA9Tn1KUZKS13z4LbknDyU4RWslXQ5TcvYKXfNolWxpoCLxM5IEWSod82vTi/EcUC4wgxJ2batSLkJEopiRiaFTixJhPAQ9UlbU44CIt1kev8EHmulB/1Q6McVnKq/JxIUSDkKPN0ZIDWQ814q/ue1Y+VfugnlUawIx7NFfsygCmEaBuxRQbBiI00QFlTfCvEACYSVjqygQ7Dnv7xImmcV26rYd+fF6nUWRx4cgiNQAja4AFVQA3XQABiMwTN4BW/Gk/FivBsfs9ackc3sgz8wPn8AnzWSoA==</latexit><latexit sha1_base64="rbS4/J8SMo/2nRaJD+HCnDlQ0RM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARWtCSiKAboeim7irYNtKGMplO2qGTSZiZCCXtwl9x40IRt/6GO//GSZuFth4Y7uGce7l3jhcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC4XhIEkY5aSiqGHEiQVDgMdLyhjep33okQtKQ36tRRNwA9Tn1KUZKS13z4LbknDyU4RWslXQ5TcvYKXfNolWxpoCLxM5IEWSod82vTi/EcUC4wgxJ2batSLkJEopiRiaFTixJhPAQ9UlbU44CIt1kev8EHmulB/1Q6McVnKq/JxIUSDkKPN0ZIDWQ814q/ue1Y+VfugnlUawIx7NFfsygCmEaBuxRQbBiI00QFlTfCvEACYSVjqygQ7Dnv7xImmcV26rYd+fF6nUWRx4cgiNQAja4AFVQA3XQABiMwTN4BW/Gk/FivBsfs9ackc3sgz8wPn8AnzWSoA==</latexit>

argmax
j

H(Y )�H(Y |Xj)
<latexit sha1_base64="2xTFTju/kwNQIOQi0RsVxXSIfh8=">AAACGHicbVDLTgIxFO3gC/E16tJNIzGBhThjTHRJdMMSE3kYhpBOKVBoO5O2YyTjfIYbf8WNC41xy86/sQMsFDxJ05Nz7s299/gho0o7zreVWVldW9/Ibua2tnd29+z9g7oKIolJDQcskE0fKcKoIDVNNSPNUBLEfUYa/ugm9RsPRCoaiDs9Dkmbo76gPYqRNlLHPvMi0TU+0fEwiT2O9EDyGMk+R49J4kFYKdwX4Wn6PTU7w2LHzjslZwq4TNw5yYM5qh174nUDHHEiNGZIqZbrhLptJmiKGUlyXqRIiPAI9UnLUIE4Ue14elgCT4zShb1Amic0nKq/O2LElRpz31Smm6tFLxX/81qR7l21YyrCSBOBZ4N6EYM6gGlKsEslwZqNDUFYUrMrxAMkEdYmq5wJwV08eZnUz0uuU3JvL/Ll63kcWXAEjkEBuOASlEEFVEENYPAMXsE7+LBerDfr0/qalWasec8h+ANr8gPVoZ+I</latexit><latexit sha1_base64="2xTFTju/kwNQIOQi0RsVxXSIfh8=">AAACGHicbVDLTgIxFO3gC/E16tJNIzGBhThjTHRJdMMSE3kYhpBOKVBoO5O2YyTjfIYbf8WNC41xy86/sQMsFDxJ05Nz7s299/gho0o7zreVWVldW9/Ibua2tnd29+z9g7oKIolJDQcskE0fKcKoIDVNNSPNUBLEfUYa/ugm9RsPRCoaiDs9Dkmbo76gPYqRNlLHPvMi0TU+0fEwiT2O9EDyGMk+R49J4kFYKdwX4Wn6PTU7w2LHzjslZwq4TNw5yYM5qh174nUDHHEiNGZIqZbrhLptJmiKGUlyXqRIiPAI9UnLUIE4Ue14elgCT4zShb1Amic0nKq/O2LElRpz31Smm6tFLxX/81qR7l21YyrCSBOBZ4N6EYM6gGlKsEslwZqNDUFYUrMrxAMkEdYmq5wJwV08eZnUz0uuU3JvL/Ll63kcWXAEjkEBuOASlEEFVEENYPAMXsE7+LBerDfr0/qalWasec8h+ANr8gPVoZ+I</latexit><latexit sha1_base64="2xTFTju/kwNQIOQi0RsVxXSIfh8=">AAACGHicbVDLTgIxFO3gC/E16tJNIzGBhThjTHRJdMMSE3kYhpBOKVBoO5O2YyTjfIYbf8WNC41xy86/sQMsFDxJ05Nz7s299/gho0o7zreVWVldW9/Ibua2tnd29+z9g7oKIolJDQcskE0fKcKoIDVNNSPNUBLEfUYa/ugm9RsPRCoaiDs9Dkmbo76gPYqRNlLHPvMi0TU+0fEwiT2O9EDyGMk+R49J4kFYKdwX4Wn6PTU7w2LHzjslZwq4TNw5yYM5qh174nUDHHEiNGZIqZbrhLptJmiKGUlyXqRIiPAI9UnLUIE4Ue14elgCT4zShb1Amic0nKq/O2LElRpz31Smm6tFLxX/81qR7l21YyrCSBOBZ4N6EYM6gGlKsEslwZqNDUFYUrMrxAMkEdYmq5wJwV08eZnUz0uuU3JvL/Ll63kcWXAEjkEBuOASlEEFVEENYPAMXsE7+LBerDfr0/qalWasec8h+ANr8gPVoZ+I</latexit><latexit sha1_base64="2xTFTju/kwNQIOQi0RsVxXSIfh8=">AAACGHicbVDLTgIxFO3gC/E16tJNIzGBhThjTHRJdMMSE3kYhpBOKVBoO5O2YyTjfIYbf8WNC41xy86/sQMsFDxJ05Nz7s299/gho0o7zreVWVldW9/Ibua2tnd29+z9g7oKIolJDQcskE0fKcKoIDVNNSPNUBLEfUYa/ugm9RsPRCoaiDs9Dkmbo76gPYqRNlLHPvMi0TU+0fEwiT2O9EDyGMk+R49J4kFYKdwX4Wn6PTU7w2LHzjslZwq4TNw5yYM5qh174nUDHHEiNGZIqZbrhLptJmiKGUlyXqRIiPAI9UnLUIE4Ue14elgCT4zShb1Amic0nKq/O2LElRpz31Smm6tFLxX/81qR7l21YyrCSBOBZ4N6EYM6gGlKsEslwZqNDUFYUrMrxAMkEdYmq5wJwV08eZnUz0uuU3JvL/Ll63kcWXAEjkEBuOASlEEFVEENYPAMXsE7+LBerDfr0/qalWasec8h+ANr8gPVoZ+I</latexit>

argmin
j

H(Y |Xj)
<latexit sha1_base64="/Srp3JmieRm2ByeOFUpPEW/m2DQ=">AAACEXicbVC7TsMwFHXKq5RXgJHFokIqS5UgJBgrWDoWiT5QE1WO67ZubSeyHaQq5BdY+BUWBhBiZWPjb3DaDNByJEtH59x7fe8JIkaVdpxvq7Cyura+UdwsbW3v7O7Z+wctFcYSkyYOWSg7AVKEUUGammpGOpEkiAeMtIPJdea374lUNBS3ehoRn6OhoAOKkTZSz654segbn+hknCYeR3okeYLkkFORph6E9crdQ6c3Pu3ZZafqzACXiZuTMsjR6NlfXj/EMSdCY4aU6rpOpH0zWlPMSFryYkUihCdoSLqGCsSJ8pPZRSk8MUofDkJpntBwpv7uSBBXasoDU5mtrBa9TPzP68Z6cOknVESxJgLPPxrEDOoQZvHAPpUEazY1BGFJza4Qj5BEWJuQSiYEd/HkZdI6q7pO1b05L9eu8jiK4AgcgwpwwQWogTpogCbA4BE8g1fwZj1ZL9a79TEvLVh5zyH4A+vzB02SneE=</latexit><latexit sha1_base64="/Srp3JmieRm2ByeOFUpPEW/m2DQ=">AAACEXicbVC7TsMwFHXKq5RXgJHFokIqS5UgJBgrWDoWiT5QE1WO67ZubSeyHaQq5BdY+BUWBhBiZWPjb3DaDNByJEtH59x7fe8JIkaVdpxvq7Cyura+UdwsbW3v7O7Z+wctFcYSkyYOWSg7AVKEUUGammpGOpEkiAeMtIPJdea374lUNBS3ehoRn6OhoAOKkTZSz654segbn+hknCYeR3okeYLkkFORph6E9crdQ6c3Pu3ZZafqzACXiZuTMsjR6NlfXj/EMSdCY4aU6rpOpH0zWlPMSFryYkUihCdoSLqGCsSJ8pPZRSk8MUofDkJpntBwpv7uSBBXasoDU5mtrBa9TPzP68Z6cOknVESxJgLPPxrEDOoQZvHAPpUEazY1BGFJza4Qj5BEWJuQSiYEd/HkZdI6q7pO1b05L9eu8jiK4AgcgwpwwQWogTpogCbA4BE8g1fwZj1ZL9a79TEvLVh5zyH4A+vzB02SneE=</latexit><latexit sha1_base64="/Srp3JmieRm2ByeOFUpPEW/m2DQ=">AAACEXicbVC7TsMwFHXKq5RXgJHFokIqS5UgJBgrWDoWiT5QE1WO67ZubSeyHaQq5BdY+BUWBhBiZWPjb3DaDNByJEtH59x7fe8JIkaVdpxvq7Cyura+UdwsbW3v7O7Z+wctFcYSkyYOWSg7AVKEUUGammpGOpEkiAeMtIPJdea374lUNBS3ehoRn6OhoAOKkTZSz654segbn+hknCYeR3okeYLkkFORph6E9crdQ6c3Pu3ZZafqzACXiZuTMsjR6NlfXj/EMSdCY4aU6rpOpH0zWlPMSFryYkUihCdoSLqGCsSJ8pPZRSk8MUofDkJpntBwpv7uSBBXasoDU5mtrBa9TPzP68Z6cOknVESxJgLPPxrEDOoQZvHAPpUEazY1BGFJza4Qj5BEWJuQSiYEd/HkZdI6q7pO1b05L9eu8jiK4AgcgwpwwQWogTpogCbA4BE8g1fwZj1ZL9a79TEvLVh5zyH4A+vzB02SneE=</latexit><latexit sha1_base64="/Srp3JmieRm2ByeOFUpPEW/m2DQ=">AAACEXicbVC7TsMwFHXKq5RXgJHFokIqS5UgJBgrWDoWiT5QE1WO67ZubSeyHaQq5BdY+BUWBhBiZWPjb3DaDNByJEtH59x7fe8JIkaVdpxvq7Cyura+UdwsbW3v7O7Z+wctFcYSkyYOWSg7AVKEUUGammpGOpEkiAeMtIPJdea374lUNBS3ehoRn6OhoAOKkTZSz654segbn+hknCYeR3okeYLkkFORph6E9crdQ6c3Pu3ZZafqzACXiZuTMsjR6NlfXj/EMSdCY4aU6rpOpH0zWlPMSFryYkUihCdoSLqGCsSJ8pPZRSk8MUofDkJpntBwpv7uSBBXasoDU5mtrBa9TPzP68Z6cOknVESxJgLPPxrEDOoQZvHAPpUEazY1BGFJza4Qj5BEWJuQSiYEd/HkZdI6q7pO1b05L9eu8jiK4AgcgwpwwQWogTpogCbA4BE8g1fwZj1ZL9a79TEvLVh5zyH4A+vzB02SneE=</latexit>



Information Gain

Information Gain (IG)   = argmax
j

H(Y )�H(Y |Xj)
<latexit sha1_base64="2xTFTju/kwNQIOQi0RsVxXSIfh8=">AAACGHicbVDLTgIxFO3gC/E16tJNIzGBhThjTHRJdMMSE3kYhpBOKVBoO5O2YyTjfIYbf8WNC41xy86/sQMsFDxJ05Nz7s299/gho0o7zreVWVldW9/Ibua2tnd29+z9g7oKIolJDQcskE0fKcKoIDVNNSPNUBLEfUYa/ugm9RsPRCoaiDs9Dkmbo76gPYqRNlLHPvMi0TU+0fEwiT2O9EDyGMk+R49J4kFYKdwX4Wn6PTU7w2LHzjslZwq4TNw5yYM5qh174nUDHHEiNGZIqZbrhLptJmiKGUlyXqRIiPAI9UnLUIE4Ue14elgCT4zShb1Amic0nKq/O2LElRpz31Smm6tFLxX/81qR7l21YyrCSBOBZ4N6EYM6gGlKsEslwZqNDUFYUrMrxAMkEdYmq5wJwV08eZnUz0uuU3JvL/Ll63kcWXAEjkEBuOASlEEFVEENYPAMXsE7+LBerDfr0/qalWasec8h+ANr8gPVoZ+I</latexit><latexit sha1_base64="2xTFTju/kwNQIOQi0RsVxXSIfh8=">AAACGHicbVDLTgIxFO3gC/E16tJNIzGBhThjTHRJdMMSE3kYhpBOKVBoO5O2YyTjfIYbf8WNC41xy86/sQMsFDxJ05Nz7s299/gho0o7zreVWVldW9/Ibua2tnd29+z9g7oKIolJDQcskE0fKcKoIDVNNSPNUBLEfUYa/ugm9RsPRCoaiDs9Dkmbo76gPYqRNlLHPvMi0TU+0fEwiT2O9EDyGMk+R49J4kFYKdwX4Wn6PTU7w2LHzjslZwq4TNw5yYM5qh174nUDHHEiNGZIqZbrhLptJmiKGUlyXqRIiPAI9UnLUIE4Ue14elgCT4zShb1Amic0nKq/O2LElRpz31Smm6tFLxX/81qR7l21YyrCSBOBZ4N6EYM6gGlKsEslwZqNDUFYUrMrxAMkEdYmq5wJwV08eZnUz0uuU3JvL/Ll63kcWXAEjkEBuOASlEEFVEENYPAMXsE7+LBerDfr0/qalWasec8h+ANr8gPVoZ+I</latexit><latexit sha1_base64="2xTFTju/kwNQIOQi0RsVxXSIfh8=">AAACGHicbVDLTgIxFO3gC/E16tJNIzGBhThjTHRJdMMSE3kYhpBOKVBoO5O2YyTjfIYbf8WNC41xy86/sQMsFDxJ05Nz7s299/gho0o7zreVWVldW9/Ibua2tnd29+z9g7oKIolJDQcskE0fKcKoIDVNNSPNUBLEfUYa/ugm9RsPRCoaiDs9Dkmbo76gPYqRNlLHPvMi0TU+0fEwiT2O9EDyGMk+R49J4kFYKdwX4Wn6PTU7w2LHzjslZwq4TNw5yYM5qh174nUDHHEiNGZIqZbrhLptJmiKGUlyXqRIiPAI9UnLUIE4Ue14elgCT4zShb1Amic0nKq/O2LElRpz31Smm6tFLxX/81qR7l21YyrCSBOBZ4N6EYM6gGlKsEslwZqNDUFYUrMrxAMkEdYmq5wJwV08eZnUz0uuU3JvL/Ll63kcWXAEjkEBuOASlEEFVEENYPAMXsE7+LBerDfr0/qalWasec8h+ANr8gPVoZ+I</latexit><latexit sha1_base64="2xTFTju/kwNQIOQi0RsVxXSIfh8=">AAACGHicbVDLTgIxFO3gC/E16tJNIzGBhThjTHRJdMMSE3kYhpBOKVBoO5O2YyTjfIYbf8WNC41xy86/sQMsFDxJ05Nz7s299/gho0o7zreVWVldW9/Ibua2tnd29+z9g7oKIolJDQcskE0fKcKoIDVNNSPNUBLEfUYa/ugm9RsPRCoaiDs9Dkmbo76gPYqRNlLHPvMi0TU+0fEwiT2O9EDyGMk+R49J4kFYKdwX4Wn6PTU7w2LHzjslZwq4TNw5yYM5qh174nUDHHEiNGZIqZbrhLptJmiKGUlyXqRIiPAI9UnLUIE4Ue14elgCT4zShb1Amic0nKq/O2LElRpz31Smm6tFLxX/81qR7l21YyrCSBOBZ4N6EYM6gGlKsEslwZqNDUFYUrMrxAMkEdYmq5wJwV08eZnUz0uuU3JvL/Ll63kcWXAEjkEBuOASlEEFVEENYPAMXsE7+LBerDfr0/qalWasec8h+ANr8gPVoZ+I</latexit>

argmin
j

H(Y |Xj)
<latexit sha1_base64="/Srp3JmieRm2ByeOFUpPEW/m2DQ=">AAACEXicbVC7TsMwFHXKq5RXgJHFokIqS5UgJBgrWDoWiT5QE1WO67ZubSeyHaQq5BdY+BUWBhBiZWPjb3DaDNByJEtH59x7fe8JIkaVdpxvq7Cyura+UdwsbW3v7O7Z+wctFcYSkyYOWSg7AVKEUUGammpGOpEkiAeMtIPJdea374lUNBS3ehoRn6OhoAOKkTZSz654segbn+hknCYeR3okeYLkkFORph6E9crdQ6c3Pu3ZZafqzACXiZuTMsjR6NlfXj/EMSdCY4aU6rpOpH0zWlPMSFryYkUihCdoSLqGCsSJ8pPZRSk8MUofDkJpntBwpv7uSBBXasoDU5mtrBa9TPzP68Z6cOknVESxJgLPPxrEDOoQZvHAPpUEazY1BGFJza4Qj5BEWJuQSiYEd/HkZdI6q7pO1b05L9eu8jiK4AgcgwpwwQWogTpogCbA4BE8g1fwZj1ZL9a79TEvLVh5zyH4A+vzB02SneE=</latexit><latexit sha1_base64="/Srp3JmieRm2ByeOFUpPEW/m2DQ=">AAACEXicbVC7TsMwFHXKq5RXgJHFokIqS5UgJBgrWDoWiT5QE1WO67ZubSeyHaQq5BdY+BUWBhBiZWPjb3DaDNByJEtH59x7fe8JIkaVdpxvq7Cyura+UdwsbW3v7O7Z+wctFcYSkyYOWSg7AVKEUUGammpGOpEkiAeMtIPJdea374lUNBS3ehoRn6OhoAOKkTZSz654segbn+hknCYeR3okeYLkkFORph6E9crdQ6c3Pu3ZZafqzACXiZuTMsjR6NlfXj/EMSdCY4aU6rpOpH0zWlPMSFryYkUihCdoSLqGCsSJ8pPZRSk8MUofDkJpntBwpv7uSBBXasoDU5mtrBa9TPzP68Z6cOknVESxJgLPPxrEDOoQZvHAPpUEazY1BGFJza4Qj5BEWJuQSiYEd/HkZdI6q7pO1b05L9eu8jiK4AgcgwpwwQWogTpogCbA4BE8g1fwZj1ZL9a79TEvLVh5zyH4A+vzB02SneE=</latexit><latexit sha1_base64="/Srp3JmieRm2ByeOFUpPEW/m2DQ=">AAACEXicbVC7TsMwFHXKq5RXgJHFokIqS5UgJBgrWDoWiT5QE1WO67ZubSeyHaQq5BdY+BUWBhBiZWPjb3DaDNByJEtH59x7fe8JIkaVdpxvq7Cyura+UdwsbW3v7O7Z+wctFcYSkyYOWSg7AVKEUUGammpGOpEkiAeMtIPJdea374lUNBS3ehoRn6OhoAOKkTZSz654segbn+hknCYeR3okeYLkkFORph6E9crdQ6c3Pu3ZZafqzACXiZuTMsjR6NlfXj/EMSdCY4aU6rpOpH0zWlPMSFryYkUihCdoSLqGCsSJ8pPZRSk8MUofDkJpntBwpv7uSBBXasoDU5mtrBa9TPzP68Z6cOknVESxJgLPPxrEDOoQZvHAPpUEazY1BGFJza4Qj5BEWJuQSiYEd/HkZdI6q7pO1b05L9eu8jiK4AgcgwpwwQWogTpogCbA4BE8g1fwZj1ZL9a79TEvLVh5zyH4A+vzB02SneE=</latexit><latexit sha1_base64="/Srp3JmieRm2ByeOFUpPEW/m2DQ=">AAACEXicbVC7TsMwFHXKq5RXgJHFokIqS5UgJBgrWDoWiT5QE1WO67ZubSeyHaQq5BdY+BUWBhBiZWPjb3DaDNByJEtH59x7fe8JIkaVdpxvq7Cyura+UdwsbW3v7O7Z+wctFcYSkyYOWSg7AVKEUUGammpGOpEkiAeMtIPJdea374lUNBS3ehoRn6OhoAOKkTZSz654segbn+hknCYeR3okeYLkkFORph6E9crdQ6c3Pu3ZZafqzACXiZuTMsjR6NlfXj/EMSdCY4aU6rpOpH0zWlPMSFryYkUihCdoSLqGCsSJ8pPZRSk8MUofDkJpntBwpv7uSBBXasoDU5mtrBa9TPzP68Z6cOknVESxJgLPPxrEDOoQZvHAPpUEazY1BGFJza4Qj5BEWJuQSiYEd/HkZdI6q7pO1b05L9eu8jiK4AgcgwpwwQWogTpogCbA4BE8g1fwZj1ZL9a79TEvLVh5zyH4A+vzB02SneE=</latexit>



Gini and Entropy

๏ Gini      : IG(S) = 1�
cX

j=1

p2j
<latexit sha1_base64="fa0H0M7b2hM2E7kf5XevWxHzf/s=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiYdgJgjaBoIXaRTQPSDbL7GQ2mWT2wcysEJbtbfwVGwtFbP0BO//GyaPQxAMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7dRnGgtAaCXkomi6WlLOA1hRTnDYjQbHvctpwh5djv/FAhWRhcK9GEbV93AuYxwhWWnLM3I2TXKWFu2NYhgiewLaMfScZlFHaSUgaOYNOyTHzVtGaAC4SNCN5MEPVMb/a3ZDEPg0U4VjKFrIiZSdYKEY4TbPtWNIIkyHu0ZamAfaptJPJLyk80koXeqHQFSg4UX9PJNiXcuS7utPHqi/nvbH4n9eKlXduJyyIYkUDMl3kxRyqEI6DgV0mKFF8pAkmgulbIeljgYnS8WV1CGj+5UVSLxWRVUS3p/nKxSyODDgEOVAACJyBCrgGVVADBDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QPR85kH</latexit><latexit sha1_base64="fa0H0M7b2hM2E7kf5XevWxHzf/s=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiYdgJgjaBoIXaRTQPSDbL7GQ2mWT2wcysEJbtbfwVGwtFbP0BO//GyaPQxAMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7dRnGgtAaCXkomi6WlLOA1hRTnDYjQbHvctpwh5djv/FAhWRhcK9GEbV93AuYxwhWWnLM3I2TXKWFu2NYhgiewLaMfScZlFHaSUgaOYNOyTHzVtGaAC4SNCN5MEPVMb/a3ZDEPg0U4VjKFrIiZSdYKEY4TbPtWNIIkyHu0ZamAfaptJPJLyk80koXeqHQFSg4UX9PJNiXcuS7utPHqi/nvbH4n9eKlXduJyyIYkUDMl3kxRyqEI6DgV0mKFF8pAkmgulbIeljgYnS8WV1CGj+5UVSLxWRVUS3p/nKxSyODDgEOVAACJyBCrgGVVADBDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QPR85kH</latexit><latexit sha1_base64="fa0H0M7b2hM2E7kf5XevWxHzf/s=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiYdgJgjaBoIXaRTQPSDbL7GQ2mWT2wcysEJbtbfwVGwtFbP0BO//GyaPQxAMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7dRnGgtAaCXkomi6WlLOA1hRTnDYjQbHvctpwh5djv/FAhWRhcK9GEbV93AuYxwhWWnLM3I2TXKWFu2NYhgiewLaMfScZlFHaSUgaOYNOyTHzVtGaAC4SNCN5MEPVMb/a3ZDEPg0U4VjKFrIiZSdYKEY4TbPtWNIIkyHu0ZamAfaptJPJLyk80koXeqHQFSg4UX9PJNiXcuS7utPHqi/nvbH4n9eKlXduJyyIYkUDMl3kxRyqEI6DgV0mKFF8pAkmgulbIeljgYnS8WV1CGj+5UVSLxWRVUS3p/nKxSyODDgEOVAACJyBCrgGVVADBDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QPR85kH</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VWkf7kTjxmEfpMt6M3xe2Ibwlr4=">AAACAHicbZBLSwMxFIXv+Ky16ujWTWgR6sIy041uCoILdVfRPqCdDpk006bNPEgyQhlm78a/4saFIv4Kd/4b08dCWw8EPs5JuLnHizmTyrK+jbX1jc2t7dxOfrewt39gHhaaMkoEoQ0S8Ui0PSwpZyFtKKY4bceC4sDjtOWNr6Z565EKyaLwQU1i6gR4EDKfEay05ZrFWze9zsr3p6iGbHSGujIJ3HRUs7NeSrLYHfWqrlmyKtZMaBXsBZRgobprfnX7EUkCGirCsZQd24qVk2KhGOE0y3cTSWNMxnhAOxpDHFDppLNdMnSinT7yI6FPqNDM/f0ixYGUk8DTNwOshnI5m5r/ZZ1E+RdOysI4UTQk80F+wpGK0LQY1GeCEsUnGjARTP8VkSEWmChdX16XYC+vvArNasW2KvadBTk4hiKUwYZzuIQbqEMDCDzBC7zBu/FsvBof87rWjEVvR/BHxucPPx6XkQ==</latexit><latexit sha1_base64="VWkf7kTjxmEfpMt6M3xe2Ibwlr4=">AAACAHicbZBLSwMxFIXv+Ky16ujWTWgR6sIy041uCoILdVfRPqCdDpk006bNPEgyQhlm78a/4saFIv4Kd/4b08dCWw8EPs5JuLnHizmTyrK+jbX1jc2t7dxOfrewt39gHhaaMkoEoQ0S8Ui0PSwpZyFtKKY4bceC4sDjtOWNr6Z565EKyaLwQU1i6gR4EDKfEay05ZrFWze9zsr3p6iGbHSGujIJ3HRUs7NeSrLYHfWqrlmyKtZMaBXsBZRgobprfnX7EUkCGirCsZQd24qVk2KhGOE0y3cTSWNMxnhAOxpDHFDppLNdMnSinT7yI6FPqNDM/f0ixYGUk8DTNwOshnI5m5r/ZZ1E+RdOysI4UTQk80F+wpGK0LQY1GeCEsUnGjARTP8VkSEWmChdX16XYC+vvArNasW2KvadBTk4hiKUwYZzuIQbqEMDCDzBC7zBu/FsvBof87rWjEVvR/BHxucPPx6XkQ==</latexit><latexit sha1_base64="CODeAEmMFD1R7UskbAajS9jgZqc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoVUBqqkCyyVKhiArQj6kNo0clyndWsnke0gVVF2Fn6FhQGEWPkBNv4G9zFAy5GudHTOvbr3Hi9iVCrL+jYyK6tr6xvZzdzW9s7unrl/0JBhLDCp45CFouUhSRgNSF1RxUgrEgRxj5GmN7qc+M0HIiQNg3s1jojDUT+gPsVIack18zducpUW705gBdrwFHZkzN1kWLHTboLTyB12y65ZsErWFHCZ2HNSAHPUXPOr0wtxzEmgMENStm0rUk6ChKKYkTTXiSWJEB6hPmlrGiBOpJNMf0nhsVZ60A+FrkDBqfp7IkFcyjH3dCdHaiAXvYn4n9eOlX/uJDSIYkUCPFvkxwyqEE6CgT0qCFZsrAnCgupbIR4ggbDS8eV0CPbiy8ukUS7ZVsm+tQrVi3kcWXAE8qAIbHAGquAa1EAdYPAInsEreDOejBfj3fiYtWaM+cwh+APj8wfQs5kD</latexit><latexit sha1_base64="fa0H0M7b2hM2E7kf5XevWxHzf/s=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiYdgJgjaBoIXaRTQPSDbL7GQ2mWT2wcysEJbtbfwVGwtFbP0BO//GyaPQxAMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7dRnGgtAaCXkomi6WlLOA1hRTnDYjQbHvctpwh5djv/FAhWRhcK9GEbV93AuYxwhWWnLM3I2TXKWFu2NYhgiewLaMfScZlFHaSUgaOYNOyTHzVtGaAC4SNCN5MEPVMb/a3ZDEPg0U4VjKFrIiZSdYKEY4TbPtWNIIkyHu0ZamAfaptJPJLyk80koXeqHQFSg4UX9PJNiXcuS7utPHqi/nvbH4n9eKlXduJyyIYkUDMl3kxRyqEI6DgV0mKFF8pAkmgulbIeljgYnS8WV1CGj+5UVSLxWRVUS3p/nKxSyODDgEOVAACJyBCrgGVVADBDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QPR85kH</latexit><latexit sha1_base64="fa0H0M7b2hM2E7kf5XevWxHzf/s=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiYdgJgjaBoIXaRTQPSDbL7GQ2mWT2wcysEJbtbfwVGwtFbP0BO//GyaPQxAMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7dRnGgtAaCXkomi6WlLOA1hRTnDYjQbHvctpwh5djv/FAhWRhcK9GEbV93AuYxwhWWnLM3I2TXKWFu2NYhgiewLaMfScZlFHaSUgaOYNOyTHzVtGaAC4SNCN5MEPVMb/a3ZDEPg0U4VjKFrIiZSdYKEY4TbPtWNIIkyHu0ZamAfaptJPJLyk80koXeqHQFSg4UX9PJNiXcuS7utPHqi/nvbH4n9eKlXduJyyIYkUDMl3kxRyqEI6DgV0mKFF8pAkmgulbIeljgYnS8WV1CGj+5UVSLxWRVUS3p/nKxSyODDgEOVAACJyBCrgGVVADBDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QPR85kH</latexit><latexit sha1_base64="fa0H0M7b2hM2E7kf5XevWxHzf/s=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiYdgJgjaBoIXaRTQPSDbL7GQ2mWT2wcysEJbtbfwVGwtFbP0BO//GyaPQxAMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7dRnGgtAaCXkomi6WlLOA1hRTnDYjQbHvctpwh5djv/FAhWRhcK9GEbV93AuYxwhWWnLM3I2TXKWFu2NYhgiewLaMfScZlFHaSUgaOYNOyTHzVtGaAC4SNCN5MEPVMb/a3ZDEPg0U4VjKFrIiZSdYKEY4TbPtWNIIkyHu0ZamAfaptJPJLyk80koXeqHQFSg4UX9PJNiXcuS7utPHqi/nvbH4n9eKlXduJyyIYkUDMl3kxRyqEI6DgV0mKFF8pAkmgulbIeljgYnS8WV1CGj+5UVSLxWRVUS3p/nKxSyODDgEOVAACJyBCrgGVVADBDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QPR85kH</latexit><latexit sha1_base64="fa0H0M7b2hM2E7kf5XevWxHzf/s=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiYdgJgjaBoIXaRTQPSDbL7GQ2mWT2wcysEJbtbfwVGwtFbP0BO//GyaPQxAMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7dRnGgtAaCXkomi6WlLOA1hRTnDYjQbHvctpwh5djv/FAhWRhcK9GEbV93AuYxwhWWnLM3I2TXKWFu2NYhgiewLaMfScZlFHaSUgaOYNOyTHzVtGaAC4SNCN5MEPVMb/a3ZDEPg0U4VjKFrIiZSdYKEY4TbPtWNIIkyHu0ZamAfaptJPJLyk80koXeqHQFSg4UX9PJNiXcuS7utPHqi/nvbH4n9eKlXduJyyIYkUDMl3kxRyqEI6DgV0mKFF8pAkmgulbIeljgYnS8WV1CGj+5UVSLxWRVUS3p/nKxSyODDgEOVAACJyBCrgGVVADBDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QPR85kH</latexit><latexit sha1_base64="fa0H0M7b2hM2E7kf5XevWxHzf/s=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiYdgJgjaBoIXaRTQPSDbL7GQ2mWT2wcysEJbtbfwVGwtFbP0BO//GyaPQxAMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7dRnGgtAaCXkomi6WlLOA1hRTnDYjQbHvctpwh5djv/FAhWRhcK9GEbV93AuYxwhWWnLM3I2TXKWFu2NYhgiewLaMfScZlFHaSUgaOYNOyTHzVtGaAC4SNCN5MEPVMb/a3ZDEPg0U4VjKFrIiZSdYKEY4TbPtWNIIkyHu0ZamAfaptJPJLyk80koXeqHQFSg4UX9PJNiXcuS7utPHqi/nvbH4n9eKlXduJyyIYkUDMl3kxRyqEI6DgV0mKFF8pAkmgulbIeljgYnS8WV1CGj+5UVSLxWRVUS3p/nKxSyODDgEOVAACJyBCrgGVVADBDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QPR85kH</latexit><latexit sha1_base64="fa0H0M7b2hM2E7kf5XevWxHzf/s=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiYdgJgjaBoIXaRTQPSDbL7GQ2mWT2wcysEJbtbfwVGwtFbP0BO//GyaPQxAMXDufcy733uBFnUlnWt7G0vLK6tp7ZyG5ube/smnv7dRnGgtAaCXkomi6WlLOA1hRTnDYjQbHvctpwh5djv/FAhWRhcK9GEbV93AuYxwhWWnLM3I2TXKWFu2NYhgiewLaMfScZlFHaSUgaOYNOyTHzVtGaAC4SNCN5MEPVMb/a3ZDEPg0U4VjKFrIiZSdYKEY4TbPtWNIIkyHu0ZamAfaptJPJLyk80koXeqHQFSg4UX9PJNiXcuS7utPHqi/nvbH4n9eKlXduJyyIYkUDMl3kxRyqEI6DgV0mKFF8pAkmgulbIeljgYnS8WV1CGj+5UVSLxWRVUS3p/nKxSyODDgEOVAACJyBCrgGVVADBDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QPR85kH</latexit>

H(S) = �
cX

j=1

pj log pj
<latexit sha1_base64="M0CiwKqB9TLbvIrwekGuDTjNdbg=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGVgSpBSLBUqmDpWAR9SE2IHNdt3dpJZDtIVZSZhV9hYQAhVr6Ajb/BbTNAy5Gu7tE598q+x48Ylcqyvo3c0vLK6lp+vbCxubW9Y+7uNWUYC0waOGShaPtIEkYD0lBUMdKOBEHcZ6Tlj64nfuuBCEnD4E6NI+Jy1A9oj2KktOSZh7XS7QmswFNHxtxLhhU7vU9wGnlDh4V9qLtnFq2yNQVcJHZGiiBD3TO/nG6IY04ChRmSsmNbkXITJBTFjKQFJ5YkQniE+qSjaYA4kW4yPSWFx1rpwl4odAUKTtXfGwniUo65ryc5UgM5703E/7xOrHqXbkKDKFYkwLOHejGDKoSTXGCXCoIVG2uCsKD6rxAPkEBY6fQKOgR7/uRF0jwr21bZvjkvVq+yOPLgAByBErDBBaiCGqiDBsDgETyDV/BmPBkvxrvxMRvNGdnOPvgD4/MHLQCZVA==</latexit><latexit sha1_base64="M0CiwKqB9TLbvIrwekGuDTjNdbg=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGVgSpBSLBUqmDpWAR9SE2IHNdt3dpJZDtIVZSZhV9hYQAhVr6Ajb/BbTNAy5Gu7tE598q+x48Ylcqyvo3c0vLK6lp+vbCxubW9Y+7uNWUYC0waOGShaPtIEkYD0lBUMdKOBEHcZ6Tlj64nfuuBCEnD4E6NI+Jy1A9oj2KktOSZh7XS7QmswFNHxtxLhhU7vU9wGnlDh4V9qLtnFq2yNQVcJHZGiiBD3TO/nG6IY04ChRmSsmNbkXITJBTFjKQFJ5YkQniE+qSjaYA4kW4yPSWFx1rpwl4odAUKTtXfGwniUo65ryc5UgM5703E/7xOrHqXbkKDKFYkwLOHejGDKoSTXGCXCoIVG2uCsKD6rxAPkEBY6fQKOgR7/uRF0jwr21bZvjkvVq+yOPLgAByBErDBBaiCGqiDBsDgETyDV/BmPBkvxrvxMRvNGdnOPvgD4/MHLQCZVA==</latexit><latexit sha1_base64="M0CiwKqB9TLbvIrwekGuDTjNdbg=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGVgSpBSLBUqmDpWAR9SE2IHNdt3dpJZDtIVZSZhV9hYQAhVr6Ajb/BbTNAy5Gu7tE598q+x48Ylcqyvo3c0vLK6lp+vbCxubW9Y+7uNWUYC0waOGShaPtIEkYD0lBUMdKOBEHcZ6Tlj64nfuuBCEnD4E6NI+Jy1A9oj2KktOSZh7XS7QmswFNHxtxLhhU7vU9wGnlDh4V9qLtnFq2yNQVcJHZGiiBD3TO/nG6IY04ChRmSsmNbkXITJBTFjKQFJ5YkQniE+qSjaYA4kW4yPSWFx1rpwl4odAUKTtXfGwniUo65ryc5UgM5703E/7xOrHqXbkKDKFYkwLOHejGDKoSTXGCXCoIVG2uCsKD6rxAPkEBY6fQKOgR7/uRF0jwr21bZvjkvVq+yOPLgAByBErDBBaiCGqiDBsDgETyDV/BmPBkvxrvxMRvNGdnOPvgD4/MHLQCZVA==</latexit><latexit sha1_base64="M0CiwKqB9TLbvIrwekGuDTjNdbg=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGVgSpBSLBUqmDpWAR9SE2IHNdt3dpJZDtIVZSZhV9hYQAhVr6Ajb/BbTNAy5Gu7tE598q+x48Ylcqyvo3c0vLK6lp+vbCxubW9Y+7uNWUYC0waOGShaPtIEkYD0lBUMdKOBEHcZ6Tlj64nfuuBCEnD4E6NI+Jy1A9oj2KktOSZh7XS7QmswFNHxtxLhhU7vU9wGnlDh4V9qLtnFq2yNQVcJHZGiiBD3TO/nG6IY04ChRmSsmNbkXITJBTFjKQFJ5YkQniE+qSjaYA4kW4yPSWFx1rpwl4odAUKTtXfGwniUo65ryc5UgM5703E/7xOrHqXbkKDKFYkwLOHejGDKoSTXGCXCoIVG2uCsKD6rxAPkEBY6fQKOgR7/uRF0jwr21bZvjkvVq+yOPLgAByBErDBBaiCGqiDBsDgETyDV/BmPBkvxrvxMRvNGdnOPvgD4/MHLQCZVA==</latexit>

๏ Entropy  : 



Outlook Temperature Humidity Windy Play Golf

1 Rainy Hot High FALSE No 
2 Rainy Hot High TRUE No

3 Overcast Hot High FALSE Yes

4 Sunny Mild High FALSE Yes

5 Sunny Cool Normal FALSE Yes

6 Sunny Cool Normal TRUE No

7 Overcast Cool Normal TRUE Yes

8 Rainy Mild High FALSE No

9 Rainy Cool Normal FALSE Yes

10 Sunny Mild Normal FALSE Yes

11 Rainy Mild Normal TRUE Yes

12 Overcast Mild High TRUE Yes

13 Overcast Hot Normal FALSE Yes

14 Sunny Mild High TRUE No

}classAttributes

• 4 features:
• outlook: rainy, overcast, sunny
• temperature: cool, mild, hot
• humidity: normal, high
• windy: false, true

• Possible outcomes (play golf?):
• false
• true

Frequency Table

Example: Play Golf dataset - available on Kaggle 



Potential Splits on X (attributes)

Outlook

Sunny 
3 yes 
2  no

Overcast 
4 yes 
0  no

Rainy  
2 yes 
3  no

Temperature

Hot 
2 yes 
2  no

Mild 
4 yes 
2  no

Cool 
3 yes 
1  no

Humidity

High 
3 yes 
4  no

Normal  
6 yes 
1  no

Windy

False 
6 yes 
2  no

True  
3 yes 
3  no

1 2

3 4



Play not play Tree!
Let S be the set of training samples with c possible classes,

thus S = {S1, S2, ..., Sn}
<latexit sha1_base64="ZWQ2ZaC+rf/qTPO0ReDtsrgVjFU="></latexit><latexit sha1_base64="ZWQ2ZaC+rf/qTPO0ReDtsrgVjFU="></latexit><latexit sha1_base64="ZWQ2ZaC+rf/qTPO0ReDtsrgVjFU="></latexit><latexit sha1_base64="ZWQ2ZaC+rf/qTPO0ReDtsrgVjFU="></latexit>

Entropy: H(S) = �
CP
i=1

pi · log(pi) = �
CP
i=1

|Si|
|S| · log( |Si|

|S| )
<latexit sha1_base64="yGbgNmBTl35uP1ZNVppGwGyuzJE="></latexit><latexit sha1_base64="yGbgNmBTl35uP1ZNVppGwGyuzJE="></latexit><latexit sha1_base64="yGbgNmBTl35uP1ZNVppGwGyuzJE="></latexit><latexit sha1_base64="yGbgNmBTl35uP1ZNVppGwGyuzJE="></latexit>

Entropy [my data = entropy (9,5)]:
<latexit sha1_base64="V8Pgn7kmjicam2N9p/xVvVqjHx0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICUpiA8QiiK4rGAfkIYymUzaoZNMmJkIJfQH3Pgrblwo4ta9O//GSZuFth64cDjn3pl7jxczKpVlfRuFhcWl5ZXiamltfWNzy9zeaUmeCEyamDMuOh6ShNGINBVVjHRiQVDoMdL2hteZ334gQlIe3atRTNwQ9SMaUIyUlnrmwU2kBI9H0AlH0EcKwUtIcqlyfnxy5F7AUs8sW1VrAjhP7JyUQY5Gz/zq+hwnoX4JMySlY1uxclMkFMWMjEvdRJIY4SHqE0fTCIVEuunkmjE81IoPAy50RQpO1N8TKQqlHIWe7gyRGshZLxP/85xEBWduSqM4USTC04+ChEHFYRYN9KkgWDGdA0VYUL0rxAMkEFY6wCwEe/bkedKqVW2rat/VyvWrPI4i2AP7oAJscArq4BY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5A+FimXc=</latexit><latexit sha1_base64="V8Pgn7kmjicam2N9p/xVvVqjHx0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICUpiA8QiiK4rGAfkIYymUzaoZNMmJkIJfQH3Pgrblwo4ta9O//GSZuFth64cDjn3pl7jxczKpVlfRuFhcWl5ZXiamltfWNzy9zeaUmeCEyamDMuOh6ShNGINBVVjHRiQVDoMdL2hteZ334gQlIe3atRTNwQ9SMaUIyUlnrmwU2kBI9H0AlH0EcKwUtIcqlyfnxy5F7AUs8sW1VrAjhP7JyUQY5Gz/zq+hwnoX4JMySlY1uxclMkFMWMjEvdRJIY4SHqE0fTCIVEuunkmjE81IoPAy50RQpO1N8TKQqlHIWe7gyRGshZLxP/85xEBWduSqM4USTC04+ChEHFYRYN9KkgWDGdA0VYUL0rxAMkEFY6wCwEe/bkedKqVW2rat/VyvWrPI4i2AP7oAJscArq4BY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5A+FimXc=</latexit><latexit sha1_base64="V8Pgn7kmjicam2N9p/xVvVqjHx0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICUpiA8QiiK4rGAfkIYymUzaoZNMmJkIJfQH3Pgrblwo4ta9O//GSZuFth64cDjn3pl7jxczKpVlfRuFhcWl5ZXiamltfWNzy9zeaUmeCEyamDMuOh6ShNGINBVVjHRiQVDoMdL2hteZ334gQlIe3atRTNwQ9SMaUIyUlnrmwU2kBI9H0AlH0EcKwUtIcqlyfnxy5F7AUs8sW1VrAjhP7JyUQY5Gz/zq+hwnoX4JMySlY1uxclMkFMWMjEvdRJIY4SHqE0fTCIVEuunkmjE81IoPAy50RQpO1N8TKQqlHIWe7gyRGshZLxP/85xEBWduSqM4USTC04+ChEHFYRYN9KkgWDGdA0VYUL0rxAMkEFY6wCwEe/bkedKqVW2rat/VyvWrPI4i2AP7oAJscArq4BY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5A+FimXc=</latexit><latexit sha1_base64="V8Pgn7kmjicam2N9p/xVvVqjHx0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICUpiA8QiiK4rGAfkIYymUzaoZNMmJkIJfQH3Pgrblwo4ta9O//GSZuFth64cDjn3pl7jxczKpVlfRuFhcWl5ZXiamltfWNzy9zeaUmeCEyamDMuOh6ShNGINBVVjHRiQVDoMdL2hteZ334gQlIe3atRTNwQ9SMaUIyUlnrmwU2kBI9H0AlH0EcKwUtIcqlyfnxy5F7AUs8sW1VrAjhP7JyUQY5Gz/zq+hwnoX4JMySlY1uxclMkFMWMjEvdRJIY4SHqE0fTCIVEuunkmjE81IoPAy50RQpO1N8TKQqlHIWe7gyRGshZLxP/85xEBWduSqM4USTC04+ChEHFYRYN9KkgWDGdA0VYUL0rxAMkEFY6wCwEe/bkedKqVW2rat/VyvWrPI4i2AP7oAJscArq4BY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5A+FimXc=</latexit>

H(S) = � 9
14 log(

9
14 )�

5
14 log(

5
14 ) = 0.94

<latexit sha1_base64="Ugqj/5S54zVAFoMpaGalfUqwPRA="></latexit><latexit sha1_base64="Ugqj/5S54zVAFoMpaGalfUqwPRA="></latexit><latexit sha1_base64="Ugqj/5S54zVAFoMpaGalfUqwPRA="></latexit><latexit sha1_base64="Ugqj/5S54zVAFoMpaGalfUqwPRA="></latexit>

H(S) = 0.94



Play not play Tree!
Let S be the set of training samples with c possible classes,

thus S = {S1, S2, ..., Sn}
<latexit sha1_base64="ZWQ2ZaC+rf/qTPO0ReDtsrgVjFU="></latexit><latexit sha1_base64="ZWQ2ZaC+rf/qTPO0ReDtsrgVjFU="></latexit><latexit sha1_base64="ZWQ2ZaC+rf/qTPO0ReDtsrgVjFU="></latexit><latexit sha1_base64="ZWQ2ZaC+rf/qTPO0ReDtsrgVjFU="></latexit>

Entropy: H(S) = �
CP
i=1

pi · log(pi) = �
CP
i=1

|Si|
|S| · log( |Si|

|S| )
<latexit sha1_base64="yGbgNmBTl35uP1ZNVppGwGyuzJE="></latexit><latexit sha1_base64="yGbgNmBTl35uP1ZNVppGwGyuzJE="></latexit><latexit sha1_base64="yGbgNmBTl35uP1ZNVppGwGyuzJE="></latexit><latexit sha1_base64="yGbgNmBTl35uP1ZNVppGwGyuzJE="></latexit>

Entropy [my data = entropy (9,5)]:
<latexit sha1_base64="V8Pgn7kmjicam2N9p/xVvVqjHx0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICUpiA8QiiK4rGAfkIYymUzaoZNMmJkIJfQH3Pgrblwo4ta9O//GSZuFth64cDjn3pl7jxczKpVlfRuFhcWl5ZXiamltfWNzy9zeaUmeCEyamDMuOh6ShNGINBVVjHRiQVDoMdL2hteZ334gQlIe3atRTNwQ9SMaUIyUlnrmwU2kBI9H0AlH0EcKwUtIcqlyfnxy5F7AUs8sW1VrAjhP7JyUQY5Gz/zq+hwnoX4JMySlY1uxclMkFMWMjEvdRJIY4SHqE0fTCIVEuunkmjE81IoPAy50RQpO1N8TKQqlHIWe7gyRGshZLxP/85xEBWduSqM4USTC04+ChEHFYRYN9KkgWDGdA0VYUL0rxAMkEFY6wCwEe/bkedKqVW2rat/VyvWrPI4i2AP7oAJscArq4BY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5A+FimXc=</latexit><latexit sha1_base64="V8Pgn7kmjicam2N9p/xVvVqjHx0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICUpiA8QiiK4rGAfkIYymUzaoZNMmJkIJfQH3Pgrblwo4ta9O//GSZuFth64cDjn3pl7jxczKpVlfRuFhcWl5ZXiamltfWNzy9zeaUmeCEyamDMuOh6ShNGINBVVjHRiQVDoMdL2hteZ334gQlIe3atRTNwQ9SMaUIyUlnrmwU2kBI9H0AlH0EcKwUtIcqlyfnxy5F7AUs8sW1VrAjhP7JyUQY5Gz/zq+hwnoX4JMySlY1uxclMkFMWMjEvdRJIY4SHqE0fTCIVEuunkmjE81IoPAy50RQpO1N8TKQqlHIWe7gyRGshZLxP/85xEBWduSqM4USTC04+ChEHFYRYN9KkgWDGdA0VYUL0rxAMkEFY6wCwEe/bkedKqVW2rat/VyvWrPI4i2AP7oAJscArq4BY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5A+FimXc=</latexit><latexit sha1_base64="V8Pgn7kmjicam2N9p/xVvVqjHx0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICUpiA8QiiK4rGAfkIYymUzaoZNMmJkIJfQH3Pgrblwo4ta9O//GSZuFth64cDjn3pl7jxczKpVlfRuFhcWl5ZXiamltfWNzy9zeaUmeCEyamDMuOh6ShNGINBVVjHRiQVDoMdL2hteZ334gQlIe3atRTNwQ9SMaUIyUlnrmwU2kBI9H0AlH0EcKwUtIcqlyfnxy5F7AUs8sW1VrAjhP7JyUQY5Gz/zq+hwnoX4JMySlY1uxclMkFMWMjEvdRJIY4SHqE0fTCIVEuunkmjE81IoPAy50RQpO1N8TKQqlHIWe7gyRGshZLxP/85xEBWduSqM4USTC04+ChEHFYRYN9KkgWDGdA0VYUL0rxAMkEFY6wCwEe/bkedKqVW2rat/VyvWrPI4i2AP7oAJscArq4BY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5A+FimXc=</latexit><latexit sha1_base64="V8Pgn7kmjicam2N9p/xVvVqjHx0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICUpiA8QiiK4rGAfkIYymUzaoZNMmJkIJfQH3Pgrblwo4ta9O//GSZuFth64cDjn3pl7jxczKpVlfRuFhcWl5ZXiamltfWNzy9zeaUmeCEyamDMuOh6ShNGINBVVjHRiQVDoMdL2hteZ334gQlIe3atRTNwQ9SMaUIyUlnrmwU2kBI9H0AlH0EcKwUtIcqlyfnxy5F7AUs8sW1VrAjhP7JyUQY5Gz/zq+hwnoX4JMySlY1uxclMkFMWMjEvdRJIY4SHqE0fTCIVEuunkmjE81IoPAy50RQpO1N8TKQqlHIWe7gyRGshZLxP/85xEBWduSqM4USTC04+ChEHFYRYN9KkgWDGdA0VYUL0rxAMkEFY6wCwEe/bkedKqVW2rat/VyvWrPI4i2AP7oAJscArq4BY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5A+FimXc=</latexit>

H(S) = � 9
14 log(

9
14 )�

5
14 log(

5
14 ) = 0.94

<latexit sha1_base64="Ugqj/5S54zVAFoMpaGalfUqwPRA="></latexit><latexit sha1_base64="Ugqj/5S54zVAFoMpaGalfUqwPRA="></latexit><latexit sha1_base64="Ugqj/5S54zVAFoMpaGalfUqwPRA="></latexit><latexit sha1_base64="Ugqj/5S54zVAFoMpaGalfUqwPRA="></latexit>

H(S) = 0.94

{number of observations of class 1 ( i ) over the total number of observations} 



Information Gain G(X) = H(S)�H(S,X)
<latexit sha1_base64="96pc2lvLsxg5xBPX2zSjsuTZ+lg=">AAACEnicbVDLTgIxFO3gC/E16tJNI5hAomSGjW5MiC7AHUaBSYCQTulAQ6czaTsmhPANbvwVNy40xq0rd/6NnWEWCp6k6em596bnHjdkVCrL+jYyK6tr6xvZzdzW9s7unrl/0JJBJDBp4oAFwnGRJIxy0lRUMeKEgiDfZaTtjq/jevuBCEkDfq8mIen5aMipRzFSWuqbpRvuBcJPXrCGKIeFWtEpwUtYL96V4Fl8nUKnVMj1zbxVthLAZWKnJA9SNPrmV3cQ4MgnXGGGpOzYVqh6UyQUxYzMct1IkhDhMRqSjqYc+UT2pslKM3iilQHU1vThCibq74kp8qWc+K7u1OZHcrEWi//VOpHyLnpTysNIEY7nH3kRgyqAcT5wQAXBik00QVhQ7RXiERIIK51iHIK9uPIyaVXKtlW2byv56lUaRxYcgWNQBDY4B1VQBw3QBBg8gmfwCt6MJ+PFeDc+5q0ZI505BH9gfP4ACEmZMA==</latexit><latexit sha1_base64="96pc2lvLsxg5xBPX2zSjsuTZ+lg=">AAACEnicbVDLTgIxFO3gC/E16tJNI5hAomSGjW5MiC7AHUaBSYCQTulAQ6czaTsmhPANbvwVNy40xq0rd/6NnWEWCp6k6em596bnHjdkVCrL+jYyK6tr6xvZzdzW9s7unrl/0JJBJDBp4oAFwnGRJIxy0lRUMeKEgiDfZaTtjq/jevuBCEkDfq8mIen5aMipRzFSWuqbpRvuBcJPXrCGKIeFWtEpwUtYL96V4Fl8nUKnVMj1zbxVthLAZWKnJA9SNPrmV3cQ4MgnXGGGpOzYVqh6UyQUxYzMct1IkhDhMRqSjqYc+UT2pslKM3iilQHU1vThCibq74kp8qWc+K7u1OZHcrEWi//VOpHyLnpTysNIEY7nH3kRgyqAcT5wQAXBik00QVhQ7RXiERIIK51iHIK9uPIyaVXKtlW2byv56lUaRxYcgWNQBDY4B1VQBw3QBBg8gmfwCt6MJ+PFeDc+5q0ZI505BH9gfP4ACEmZMA==</latexit><latexit sha1_base64="96pc2lvLsxg5xBPX2zSjsuTZ+lg=">AAACEnicbVDLTgIxFO3gC/E16tJNI5hAomSGjW5MiC7AHUaBSYCQTulAQ6czaTsmhPANbvwVNy40xq0rd/6NnWEWCp6k6em596bnHjdkVCrL+jYyK6tr6xvZzdzW9s7unrl/0JJBJDBp4oAFwnGRJIxy0lRUMeKEgiDfZaTtjq/jevuBCEkDfq8mIen5aMipRzFSWuqbpRvuBcJPXrCGKIeFWtEpwUtYL96V4Fl8nUKnVMj1zbxVthLAZWKnJA9SNPrmV3cQ4MgnXGGGpOzYVqh6UyQUxYzMct1IkhDhMRqSjqYc+UT2pslKM3iilQHU1vThCibq74kp8qWc+K7u1OZHcrEWi//VOpHyLnpTysNIEY7nH3kRgyqAcT5wQAXBik00QVhQ7RXiERIIK51iHIK9uPIyaVXKtlW2byv56lUaRxYcgWNQBDY4B1VQBw3QBBg8gmfwCt6MJ+PFeDc+5q0ZI505BH9gfP4ACEmZMA==</latexit><latexit sha1_base64="96pc2lvLsxg5xBPX2zSjsuTZ+lg=">AAACEnicbVDLTgIxFO3gC/E16tJNI5hAomSGjW5MiC7AHUaBSYCQTulAQ6czaTsmhPANbvwVNy40xq0rd/6NnWEWCp6k6em596bnHjdkVCrL+jYyK6tr6xvZzdzW9s7unrl/0JJBJDBp4oAFwnGRJIxy0lRUMeKEgiDfZaTtjq/jevuBCEkDfq8mIen5aMipRzFSWuqbpRvuBcJPXrCGKIeFWtEpwUtYL96V4Fl8nUKnVMj1zbxVthLAZWKnJA9SNPrmV3cQ4MgnXGGGpOzYVqh6UyQUxYzMct1IkhDhMRqSjqYc+UT2pslKM3iilQHU1vThCibq74kp8qWc+K7u1OZHcrEWi//VOpHyLnpTysNIEY7nH3kRgyqAcT5wQAXBik00QVhQ7RXiERIIK51iHIK9uPIyaVXKtlW2byv56lUaRxYcgWNQBDY4B1VQBw3QBBg8gmfwCt6MJ+PFeDc+5q0ZI505BH9gfP4ACEmZMA==</latexit>

Entropy 
before split

Certainty 
gain on 

attribute X

Entropy 
after split on 
attribute X

Outlook

entropy(3, 2),              0,         entropy(2, 3)

H(sunny) =      0.97 
H(overcast) =  0 
H(rainy) =       0.97

H(S, outlook) = P (sunny) ·H(sunny) + P (overcast) ·H(overcast) + P (rainy) ·H(rainy)
<latexit sha1_base64="/gwubr4qJj4c7qFtgozXbG1Fcok="></latexit><latexit sha1_base64="/gwubr4qJj4c7qFtgozXbG1Fcok="></latexit><latexit sha1_base64="/gwubr4qJj4c7qFtgozXbG1Fcok="></latexit><latexit sha1_base64="/gwubr4qJj4c7qFtgozXbG1Fcok="></latexit>

=
5

14
· 0.97 + 4

14
· 0 + 5

14
· 0.97 = 0.69

<latexit sha1_base64="plpwPWMiOOH4l2jt+tWwiYEdRqo=">AAACTnicbVHNS8MwHE3n15xfVY9egkMRhNLKdO4wGHrxOMF9wDZGmqUzLE1Lkgqj9C/0It78M7x4UETTrohuPgh5vPd+JHlxQ0alsu0Xo7C0vLK6VlwvbWxube+Yu3ttGUQCkxYOWCC6LpKEUU5aiipGuqEgyHcZ6biT69TvPBAhacDv1DQkAx+NOfUoRkpLQ5PU4THsewLh+DyJnUrSx6NAQduqVeFpblQyA+bOj7yQr+vtogYXURqaZduyM8BF4uSkDHI0h+ZzfxTgyCdcYYak7Dl2qAYxEopiRpJSP5IkRHiCxqSnKUc+kYM4qyOBR1oZQS8QenEFM/X3RIx8Kae+q5M+Uvdy3kvF/7xepLzLQUx5GCnC8ewgL2JQBTDtFo6oIFixqSYIC6rvCvE90l0p/QNpCc78kxdJ+8xybMu5rZQbV3kdRXAADsEJcEAVNMANaIIWwOARvIJ38GE8GW/Gp/E1ixaMfGYf/EGh+A1GmKqu</latexit><latexit sha1_base64="plpwPWMiOOH4l2jt+tWwiYEdRqo=">AAACTnicbVHNS8MwHE3n15xfVY9egkMRhNLKdO4wGHrxOMF9wDZGmqUzLE1Lkgqj9C/0It78M7x4UETTrohuPgh5vPd+JHlxQ0alsu0Xo7C0vLK6VlwvbWxube+Yu3ttGUQCkxYOWCC6LpKEUU5aiipGuqEgyHcZ6biT69TvPBAhacDv1DQkAx+NOfUoRkpLQ5PU4THsewLh+DyJnUrSx6NAQduqVeFpblQyA+bOj7yQr+vtogYXURqaZduyM8BF4uSkDHI0h+ZzfxTgyCdcYYak7Dl2qAYxEopiRpJSP5IkRHiCxqSnKUc+kYM4qyOBR1oZQS8QenEFM/X3RIx8Kae+q5M+Uvdy3kvF/7xepLzLQUx5GCnC8ewgL2JQBTDtFo6oIFixqSYIC6rvCvE90l0p/QNpCc78kxdJ+8xybMu5rZQbV3kdRXAADsEJcEAVNMANaIIWwOARvIJ38GE8GW/Gp/E1ixaMfGYf/EGh+A1GmKqu</latexit><latexit sha1_base64="plpwPWMiOOH4l2jt+tWwiYEdRqo=">AAACTnicbVHNS8MwHE3n15xfVY9egkMRhNLKdO4wGHrxOMF9wDZGmqUzLE1Lkgqj9C/0It78M7x4UETTrohuPgh5vPd+JHlxQ0alsu0Xo7C0vLK6VlwvbWxube+Yu3ttGUQCkxYOWCC6LpKEUU5aiipGuqEgyHcZ6biT69TvPBAhacDv1DQkAx+NOfUoRkpLQ5PU4THsewLh+DyJnUrSx6NAQduqVeFpblQyA+bOj7yQr+vtogYXURqaZduyM8BF4uSkDHI0h+ZzfxTgyCdcYYak7Dl2qAYxEopiRpJSP5IkRHiCxqSnKUc+kYM4qyOBR1oZQS8QenEFM/X3RIx8Kae+q5M+Uvdy3kvF/7xepLzLQUx5GCnC8ewgL2JQBTDtFo6oIFixqSYIC6rvCvE90l0p/QNpCc78kxdJ+8xybMu5rZQbV3kdRXAADsEJcEAVNMANaIIWwOARvIJ38GE8GW/Gp/E1ixaMfGYf/EGh+A1GmKqu</latexit><latexit sha1_base64="plpwPWMiOOH4l2jt+tWwiYEdRqo=">AAACTnicbVHNS8MwHE3n15xfVY9egkMRhNLKdO4wGHrxOMF9wDZGmqUzLE1Lkgqj9C/0It78M7x4UETTrohuPgh5vPd+JHlxQ0alsu0Xo7C0vLK6VlwvbWxube+Yu3ttGUQCkxYOWCC6LpKEUU5aiipGuqEgyHcZ6biT69TvPBAhacDv1DQkAx+NOfUoRkpLQ5PU4THsewLh+DyJnUrSx6NAQduqVeFpblQyA+bOj7yQr+vtogYXURqaZduyM8BF4uSkDHI0h+ZzfxTgyCdcYYak7Dl2qAYxEopiRpJSP5IkRHiCxqSnKUc+kYM4qyOBR1oZQS8QenEFM/X3RIx8Kae+q5M+Uvdy3kvF/7xepLzLQUx5GCnC8ewgL2JQBTDtFo6oIFixqSYIC6rvCvE90l0p/QNpCc78kxdJ+8xybMu5rZQbV3kdRXAADsEJcEAVNMANaIIWwOARvIJ38GE8GW/Gp/E1ixaMfGYf/EGh+A1GmKqu</latexit>

Information Gain G(outlook) = H(S)�H(S, outlook) = 0.94� 0.69 = 0.25
<latexit sha1_base64="EXNj2MLWp5jr6YcGtzu+czx/CDA="></latexit><latexit sha1_base64="PyTbomW/lJl2VsDcMC0InDbhlVE="></latexit><latexit sha1_base64="PyTbomW/lJl2VsDcMC0InDbhlVE="></latexit><latexit sha1_base64="u9fMYsQDMhS+EA9o7HOB1Wl6SEE="></latexit>



Potential Splits on X (attributes)



Potential Splits on X (attributes)

Outlook

Sunny 
3 yes 
2  no

Overcast 
4 yes 
0  no

Rainy  
2 yes 
3  no

Temperature

Hot 
2 yes 
2  no

Mild 
4 yes 
2  no

Cool 
3 yes 
1  no

Humidity

High 
3 yes 
4  no

Normal  
6 yes 
1  no

Windy

False 
6 yes 
2  no

True  
3 yes 
3  no

1 2

3 4



Our tree then is:

Outlook Temperature Humidity Windy Play Golf

1 Rainy Hot High FALSE No 
2 Rainy Hot High TRUE No
3 Overcast Hot High FALSE Yes

4 Sunny Mild High FALSE Yes

5 Sunny Cool Normal FALSE Yes

6 Sunny Cool Normal TRUE No

7 Overcast Cool Normal TRUE Yes

8 Rainy Mild High FALSE No

9 Rainy Cool Normal FALSE Yes

10 Sunny Mild Normal FALSE Yes

11 Rainy Mild Normal TRUE Yes

12 Overcast Mild High TRUE Yes

13 Overcast Hot Normal FALSE Yes

14 Sunny Mild High TRUE No

Outlook

Windy Humidity

Yes NoNo

Temp. is out



Feature Importance 
>> load_breast_cancer()

34 To be reproduced in Tutorial tasks



Feature Importance 
>> load_breast_cancer()

35 To be reproduced in Tutorial tasks



DT for Regression

Figure from: A Geron, Hands on ML - chapter 636
argmin

X

1

n

nX

i=1

(yi � ȳ)2

<latexit sha1_base64="uOfq4roHGkY9dCNxPw596IyTYto="></latexit><latexit sha1_base64="WZdaiK0HX4G4YL60r1LlByY8PQw="></latexit><latexit sha1_base64="WZdaiK0HX4G4YL60r1LlByY8PQw="></latexit><latexit sha1_base64="/rDUjKFk9JYhFwUuNz3caffuWfI="></latexit>

Loss Function
1

n

nX

i=1

(yi � ȳ)2

<latexit sha1_base64="nkkPYGDn41cW7ryf5bggP7EQVWM="></latexit><latexit sha1_base64="YJ9edRTjujuuIl2fi2wEDcvQGUg="></latexit><latexit sha1_base64="YJ9edRTjujuuIl2fi2wEDcvQGUg="></latexit><latexit sha1_base64="+F0EcMdHuTjxYUwBfalUBENEfO4=">AAACGXicbVDLSsNAFJ34rPUVdelmsAh1YUm60Y1QdOOygn1A04bJdNIOnZmEmYkQQn7Djb/ixoUiLnXl3zhpu9DWAxcO59zLvfcEMaNKO863tbK6tr6xWdoqb+/s7u3bB4dtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILJTeF3HohUNBL3Oo1Jn6ORoCHFSBvJtx0vlAhnbp6J3FMJ9xjlVCs/o1duPhCwmvoUnkMvQBKmZ4N62bcrTs2ZAi4Td04qYI6mb396wwgnnAiNGVKq5zqx7mdIaooZycteokiM8ASNSM9QgThR/Wz6WQ5PjTKEYSRNCQ2n6u+JDHGlUh6YTo70WC16hfif10t0eNnPqIgTTQSeLQoTBnUEi5jgkEqCNUsNQVhScyvEY2Si0ibMIgR38eVl0q7XXKfm3jmVxvU8jhI4BiegClxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWuWPOZI/AH1tcP+jqfig==</latexit>



Decision Trees’ Summary
➡ very popular:


‣ Easy to understand (highly interpretable)


‣ Easy to implement


‣ Easy to use


‣ Computationally cheap (well!)


‣ Suitable for linearly (& non linearly) separable classes


‣ Does regression as well.


‣ Completely invariant to scaling of the data 
37



But it is horrible!



Today’s Puzzle 

DT complexity

39



Decision Tree Depth

Consider a/an (insane) DT where each split (decision node) 
would peel off one training example, the absolute maximum 
depth would be ?, where N is the number of training samples.

๏ Training Error = ? 
๏ Generalisation (test) error = ?

40



Decision Trees Main Issue

OVERFITTING

41



Pruning - Pre and Post

• A common technique to avoid overfitting in Decision 
Trees is to prune the tree; either whilst it’s being 
constructed (pre-pruning) or after it’s been constructed 
(post-pruning). 

‣Limiting maximum depth of the tree 
‣Limiting maximum number of leaves 
‣Requiring a minimum number of 

samples in a node to allow split

‣Recursively remove leaves and 
evaluate Accuracy loss. 

supported in scikit-learn

NOT supported in scikit-learn

42



Decision Trees, review

๏  Popular - highly interpretable. 


๏  Model-free (don’t assume an underlying distribution).


๏  Fast (well, super fast!)


๏  Suitable for both regression and classification problems.

Pros

Cons
Prediction “accuracy” isn’t that great - inherently high 
variance


!4



Agenda
➡ Decision Trees Induction


๏ Context


๏ Estimation/“design”


๏ Properties


➡ Ensemble Learning

๏Bagging (mainly - I’m hoping to cover more next week)


➡ Summary


➡ Tutorial
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