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Order of quantifiers - why it matters

"There is a person supervising every detail of the production process."

Reading A

One supervisor oversees every detail.

3p € Person,
vd € Detail, Supervises(p, d)

One fixed person, covers all details.

Reading B

Every detail has someone supervising it.

vd € Detail, 3p € Person,
Supervises(p, d)

For each detail, possibly a different person.
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Epp, p. 117
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Interpreting "for all - there exists" vs "there exists -
for all"

vx € D, 3y € E, P(x,y) Ix e D, vy € E, P(x,y)

To show it is true: To show it is true:

Someone picks ANY x € D they wish. Then you must find You pick ONE specific x € D first. Then it must work no
ay € E that works for THAT particular x. matter what y € E anyone challenges you with.

Key feature Key feature

The y is allowed to DEPEND on x - different x may need a The x is FIXED - it cannot change after someone gives you
different y. ay.

dnliall AT Blg «JgY! puaiall il Hliss 1 dadl) Ao 6T e iy @3 Yl dsly uaie s (gdsll

Epp, p. 119-120 5/22



The "loves" table - eight orderings

vx Vy - Loves(x,y) Everything loves everything.

3x Ay - Loves(x,y) Something loves something.

vx 3y - Loves(x,y) Everything loves something (possibly different).

Jy vx - Loves(x,y) Something is loved by everything (one fixed thing).
3x vy - Loves(x,y) Something loves everything (one lover, many loved).
vy 3x - Loves(x,y) Everything is loved by something (possibly different).

Same-type adjacent quantifiers commute; mixed quantifiers do not.

Epp, Section 3.3 6/22



Movies - six distinct statements

Everyone loves all movies.
MY S S pased S

Some people love some movies.
PN s Ogimy peldl s

There is a movie that everyone loves.

oWl S i olid

Some people love all movies.

PN (S Ogio (il pam

Everyone loves some movies.

PN pams oy s S

All movies are loved by someone.
ol pas doo old S

Epp, Section 3.3

vp € Person, vm € Movie - Loves(p, m)

3p € Person 3m € Movie -

Im € Movie Vp € Person -

3p € Person vm € Movie -

Vp € Person 3m € Movie -

vm € Movie 3p € Person -

Loves(p, m)

Loves(p, m)

Loves(p, m)

Loves(p, m)

Loves(p, m)
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Cafeteria example - the setup

A college cafeteria has four stations. Three students go through the line.

e green salad ¢ spaghetti * pie * milk
e fruit salad e fish e cake ® soda
e coffee

Student choices

Uta: green salad, spaghetti, pie, milk
Tim: fruit salad, fish, pie, cake, milk, coffee
Yuen: spaghetti, fish, pie, soda

Epp, Example 3.3.3, p. 120 9/22



Cafeteria - symbolic statements and truth values

(a) 3I € Item, VS € Student, Chose(S, I)

There is an item that every student chose.

(b) 3S € Student, VI € Item, Chose(S, I)

There is a student who chose every available item.

(c) 3S € Student, VZ € Station, 31 € Z, Chose(S, I)

There is a student who chose at least one item from every station.

(d) VS e Student, VZ € Station, 31 € Z, Chose(S, I)

Every student chose at least one item from every station.

Epp, Example 3.3.3, p. 120 10/ 22



Cafeteria - symbolic statements and truth values

(a) 3I € Item, VS € Student, Chose(S, I) TRUE
There is an item that every student chose.

Every student chose pie.

(b) 3S € Student, VI € Item, Chose(S, I) FALSE
There is a student who chose every available item.

No student chose all nine items.

(c) 3S € Student, VZ € Station, 31 € Z, Chose(S, I) TRUE
There is a student who chose at least one item from every station.

Uta and Tim both chose from every station.

(d) VS e Student, VZ € Station, 31 € Z, Chose(S, I) FALSE
Every student chose at least one item from every station.

Yuen did not choose any salad.

Epp, Example 3.3.3, p. 120 10/ 22



What to pay attention to

1. Read outer quantifier first. Every outer quantifier is a challenge or commitment to the whole statement inside.

2. Watch domain restrictions. 31 € Z (item from station Z) is not the same as 3l € Item. In (c), | must come from station Z,
which itself ranges over all stations.

3. Inner 3 depends on outer V. In (c),(d), the item | may change with the student S and station Z. In (a), one item | must
work for every student.

4. Do not confuse "3 then v" with "V then 3". (a) says one single item is chosen by every student (3 first). (d)'s inner 3l lets
each student-station pair choose possibly a different item (V first).
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Reciprocal of a real number

Definition

The reciprocal (2 »2)! ©¢lisl) of a real number a is a real number b such that ab = 1.

(a) Every nonzero real number has a reciprocal.

vu eR#y, IvelR, uv=1

"For each nonzero u, | can find a v (depending on u) with uv =1." (v=1/u)

(b) There is a real number with no reciprocal. (The number 0 has no reciprocal.)

AcelR, vdeR, cd#1

"There is a real c (namely 0) such that no d € R satisfies cd = 1."

Epp, Example 3.3.4, p. 121 12/22



Smallest positive integer vs smallest positive real

There IS a smallest positive integer.

dmeZ*, vheZ", m<n
Witness: m = 1. For every positive integer n, we have 1 < n.

(1 983) arge Trammo S ol ds

There is NO smallest positive real number.

vx eR*, ayeR*, y<x
Witness: given any x > 0, take y = x/2. Then 0<y < x.

Epp, Examples 3.3.5, 3.3.6, p. 121-122 13/22



Tarski's world - formalizing statements

using Formal FOL Notation

Domain D = all objects in the figure. Predicates: Circle, Square, Triangle, Black, Gray, Blue, SameColor, Above, RightOf.

(a) For allcircles x, x is above f.

vx € D, Circle(x) — Above(x, f)

(b) There is a square x such that x is black.

3x € D, Square(x) A Black(x)

(c) For all circles x, there is a square y such that x and y have the same colour.

vx € D, Circle(x) — 3y € D, (Square(y) A SameColour(x, y))

(d) There is a square x such that for all triangles vy, x is to the right of y.

3x € D, Square(x) A (Vy € D, Triangle(y) — RightOf(x, y))

Epp, Example 3.3.10, p. 126
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Negation rule - push the tilde stage by stage

From Section 3.2 we have two base rules. Apply them in sequence to multi-quantifier statements.

~(vxeD,P(x)) = 3xe D, ~P(x)

~(@3xe D,P(x)) = vxeD, ~P(x)

Applied to multi-quantifier statements:

~(vxeD,3yeE, P(xy)) = 3xe D, vy €E, ~P(x,y)

~(3xeD,vyeE, P(xy)) = vxeD,3ye€E, ~-P(x,y)

Epp, p. 123 16 /22



Negation example - "all people love someone”

Statement. All people love someone.

vx € Person, 3y € Person, Loves(X, y)

Step 1. Push tilde past v:
~(vx, 3y, Loves(x,y)) = 3x, ~(3y, Loves(x, y))
Step 2. Push tilde past 3:

= 3x, vy, ~Loves(x, y)

Final negation

3x € Person, vy € Person, ~Loves(X, y)

"There is a person who loves no one."” aal @l San ¥ ol usg,
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Multiple guantifiers with negated predicates

ax 3y - ~Loves(x, y) Somebody does not love somebody.

Lolass Cou Y jass drg

VX Vy - ~Loves(x, y) No one loves anyone.

Ix Vy * ~Loves(x, y) Someone loves no one.
Al BT G Y jasd dag

Everyone is not loved by someone (everyone has some people who do

vx 3y - ~Loves(y, X
y (v x) not love them).

Az Y e drgy pased S
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Negating in a Tarski world - worked example

Statement (a)

For all squares x, there is a circle y such that x and y have the same colour.
vXx (Square(x) — 3y (Circle(y) A SameColor(x, y)))
Negation

There is a square x such that for all circles y, x and y do not have the same colour.

Statement (b)

There is a triangle x such that for all squares y, x is to the right of y.
3x (Triangle(x) A Vy (Square(y) — RightOf(x, y)))
Negation

For all triangles x, there is a square y such that x is not to the right of y.

Epp, Example 3.3.8, p. 124 19/22



Hold on, how do we negate the first in FOL:

Statement (a)

For all squares x, there is a circle y such that x and y have the same colour.
vX (Square(x) — 3y (Circle(y) A SameColor(x, y)))
Negation

There is a square x such that for all circles y, x and y do not have the same colour.

Step 1. Apply — to the whole statement and push past vx:

VX (Square(x) — 3y (Circle(y) A SameColor(x, y))) = 3x ~(Square(x) — 3y (Circle(y) A SameColor(x, y)))
Step 2. Apply the negation-of-implication rule, (P — Q) =P A =Q:

= 3x (Square(x) A =3y (Circle(y) A SameColor(x, y)))

Step 3. Push — past 3y, flipping it to Vy:

= 3x (Square(x) A Vy =(Circle(y) A SameColor(x, y)))

Epp, Example 3.3.8, p. 124 19/22



Negation - more English examples

Everyone loves someone.

vx 3y - Loves(x, y)

Some person loves everyone.

Ix Vy - Loves(x, y)

Every positive real has a reciprocal.

vueR", aveR-uv=1

There is a program that solves every instance.

ap Vi - Solves(p, i)

Epp, Section 3.3

There is someone who loves no one.

Ix Vy - ~Loves(x, y)

Everyone fails to love at least one person.

vx 3y - ~Loves(x, y)

Some positive real has no reciprocal.

JueR", vweR-uvz1

For every program, some instance is not solved by it.

vp 3i - ~Solves(p, i)

20/ 22



Summary

Order of quantifiers matters.
Swapping V3 with 3V usually changes the meaning. 3V is stronger than v3.

V before 3 = inner can depend on outer.
In vx 3y, the y is allowed to be a function of x. In 3x vy, x is fixed before y is seen.

Restriction pattern.
"V cats ¢, P(c)" translates to vc (Cat(c) = P(c)). "3 cat c such that P(c)" translates to 3c (Cat(c) A P(c)).

Negation rule.
To negate a multiply-quantified statement: flip every quantifier (v¢>3) and negate the innermost predicate.

Epp, Section 3.3
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